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Weyl functions of bounded quasi-selfadjoint operators
and block operator Jacobi matrices
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Abstract. A bounded operator T in a separable Hilbert space $) is called
quasi-selfadjoint if ker(T'— T*) # {0} and MN-quasi-selfadjoint if M D ran (T —
T*), where 9N is a subspace of $. An 9-quasi-selfadjoint operator T is called
MN-simple if the linear hull of {T"N, n =0,1,...} is dense in §. We study the
MNM-Weyl function M (z) = Py (T—zlﬁ)71 | 9 of an N-quasi-selfadjoint operator
and define its so-called “Schur parameters”. The main result of the paper is
that any 9t-quasi-selfadjoint and 9-simple operator is unitarily equivalent to
an operator given by a special block operator Jacobi matrix constructed by
means of the Schur parameters of its 91-Weyl function.

1. Notations

We use the common symbols C, R, N, and Ny for the sets of complex num-
bers, real numbers, positive integers, and nonnegative integers, respectively. For a
complex number z, the notation Z means its complex conjugate.

The closure of a subset M of a topological space is denoted by M. If M
is a subset of a topological vector space, then span M denotes its linear hull and
span M is the closure of span M. All Hilbert spaces we shall consider in this paper
are separable spaces over C. The inner product and corresponding norm of a
Hilbert space $) are denoted by (-, ) and || - ||, respectively. We omit the symbol
9 in these notations if there is no danger of confusion.
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586 Y. Aruinskii and L. KroTz

Throughout this paper the notion “operator” means “bounded linear oper-
ator”. The linear space of operators acting between Hilbert spaces $ and R is
denoted by L($, ) and the Banach algebra L($,$) by L($)). The domain, the
range, and the null-space of an operator T" are denoted by domT', ranT', and Ker T,
respectively, and Tan T stands for the closure of ranT. If T' € L($), ), then T* and
[|T|| denote its adjoint and norm, respectively. For any subset M of ), define
TM = {Tf, f € M}. If L is a subspace, i.e. a closed linear subset, of £, the
orthogonal projection in $ onto L is denoted by P, and the restriction of T to £ by
T| L. If T is invertible, then T—! denotes its inverse. If T € L($), the operators
Tr = (T +T*)/2 and Ty = (T — T*)/2i are said to be its real and imaginary
parts, respectively. By p(T) and o(T) we denote the set of its regular points and
spectrum, respectively. The identity operator in a Hilbert space $) is denoted by
Ig. The symbol Rr(z) = (T — zI5)~!, z € p(T), stands for the resolvent of T. A
selfadjoint operator T in a Hilbert space ) is called nonnegative if (T'f, f) > 0 for
all f € 9. In this case we shall often use the notation T" > 0. If (T'f, f) > 0 for
all f € $H\ {0}, we shall write T'> 0. A nonnegative operator T is called positive
definite if 0 € p(T).

2. Introduction

In order to describe the main objectives and results of the present paper
we first recall the notions of Schur transformation [35] and Schur parameters for
functions analytic on the open unit disk and bounded by one (the Schur class S).

Given f € S, define inductively

faX) = £2(0)

It is clear that {f,} is a finite or infinite sequence of functions from the class S.
We recall that it is a finite sequence if and only if f can be written as a finite
Blaschke product. The numbers 7, := f,,(0) are called the Schur parameters. The
method of labeling f € S by its Schur parameters is known as the Schur algorithm
and is due to L. Schur [35]. It is proved in [35] that the Schur parameters uniquely
determine the Schur function. The transformation

Sof—peS: p(A)= f()\);f(O)

AL = F(0)F (V)

is now called the Schur transformation [5]. The Schur algorithm for matrix valued

Jfo(A) = f(A), fag1(N) = N n>0, [\ <1

Schur class functions has been considered in the paper of Delsarte, Genin, and
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Kamp [27] and in the book of Dubovoj, Fritzsche, and Kirstein [28]. An operator
extension of the Schur algorithm was developed by T. Constantinescu in [23] and is
presented with numerous applications in the book of Bakonyi and Constantinescu
[16].

Recall that a function g belongs to the Herglotz—Nevanlinna class if it is
holomorphic on the open upper half plane and

Img(2)

> 0.
Imz —

Setting g(z) = ¢g(z), Im z < 0, one can extend ¢ to a holomorphic function on
C\ R, which is also denoted by g and called Herglotz—Nevanlinna function. Let g
be a Herglotz—Nevanlinna function such that

1
g(z):—so—sl—l—o(2>7z:iy,y—>:too.
z

In [1, Lemma 3.3.6] it is proved that if sg = 0, then g = 0 and if s > 0, then the
function g;:
- S1 S0
g1(2) = % —Z— @
is a Herglotz-Nevanlinna function such that lim,_,. g1(iy) = 0. The transforma-
tion
g— g1

is called the Schur transformation for Herglotz—Nevanlinna functions [5], [6].
Let o, 8 € R, a < 3. Denote by N[a, 3] the set of all Herglotz—Nevanlinna
functions m which are holomorphic on C\ [«, 5] and such that

lim zm(z) = —1.

Any function m € N°[a, 3] has an integral representation

A do
(2.1) m(z)z/ do (t)

t—z’

where o is a nondecreasing function on [«, 8] such that o(«) =0 and o(38) = 1. It
follows that m has an asymptotic expansion

1 b 2+ b2 1
(22) m(z):__O—“”Mo(g),Hoo,
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588 Y. Aruinskii and L. KroTz

and its Schur transformation my:

(2.3) my(z) = al% <bo - mb)

belongs to the class N°[a, 3] as well (see [29]). Thus, the Schur transformation
preserves the class N9, 3]. A repeated application of the Schur transformation
gives a representation of m by a finite or infinite continued fraction (J-fraction, cf.
38])

—1 —a% —a? —a?

(2.4) m(z) =

z=bo+2=bi +2=by - 2=y -

The process terminates at the N-th step if and only if m is a rational function of
the form

where {1}, are real numbers and {c;}Y_, are positive numbers such that
Zszl ek =1

Recall that a selfadjoint operator T in a separable Hilbert space §) is called
prime if there exists a cyclic vector e € § of T (cf. [2]). If e is a normalized cyclic
vector of T', then the function

(2.5) m(z) = (T — zI5) tese) ., z € p(T),

f:’) )

is called Weyl’s m-function (or Weyl function for short) of T (cf. [29]). It is a
well known fact that the set of Weyl functions of prime selfadjoint operators in
separable Hilbert spaces coincides with the function class

NY = U NOa, 3].

[a,B]CR

Moreover, the Weyl function m of a selfadjoint operator T belongs to the class
N°a, 3], where

a=f{(Tf, f), fen [Ifll=1},  B:=sup{(Tf,f), f € |fl[=1}

According to Stone’s theorem every prime, even unbounded, selfadjoint operator
T can be represented in some orthonormal basis by a finite or semi-infinite Jacobi
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matrix of the form

bo ao 0 0
an bl aq 0
0 aq b2 as

(2.6) J =
: Gp—1
0 Apn—1 bn

or

bo Qg 0 0 0

ap b1 aq 0 0
(2.7) T=10 a b a 0 ’
where ay, > 0, and by are real numbers for all £ = 0,1,... (see [1], [2]). If T is

bounded and m is its Weyl function, the entries of the corresponding Jacobi matrix
are the numbers from the right hand side of (2.4). On the other hand, the same
numbers appear in the three term recurrence relations

apPry1(z) + bk Pe(2) + ag—1Pp—1(2) = zPi(z), £k >0, a1 = 1,

(2:8) Pi(z) =0, Py(z) = 1

for polynomials { P} orthonormalized with respect to the measure do in (2.1).

Notice that the Schur transformation has been extended to scalar generalized
Nevanlinna and Schur classes of functions by M. Derevyagin in [25], M. Derevya-
gin and V. Derkach in [26], and D. Alpay, T. Azizov, A. Dijksma, H. Langer,
Yu. Shondin, and G. Wanjala in [4], [8], [9], [5], [6], [7], [10]. For matrix-valued
Herglotz—Nevanlinna functions the Schur algorithm has been applied to the study
of interpolation problems and truncated moment problems by I. Kovalishina [31],
V. Bolotnikov [18], and G.-N. Chen and Y.-J. Hu [22].

In the paper [13] it is proved that every prime bounded operator T' with rank
one imaginary part Tt in a separable Hilbert space £ can be represented by a
Jacobi matrix of the form (2.6) or (2.7) with respect to some orthonormal basis.
The only difference with the selfadjoint case is that the number by is nonreal. The
method used in [13] is based on the Livsic characteristic function [33], [20] or on
the Weyl function m of T given by (2.5), where e € ran7Ty. In this case m is
no longer a Herglotz—Nevanlinna function but has an asymptotic expansion (2.2),
where ag > 0 and by is a nonreal number. Nevertheless, its Schur transformation
(2.3) belongs to the class N°. Thus, m can be expanded into a continued fraction
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of the form (2.4) and, moreover, the Jacobi matrix corresponding to 7" has entries
coming from (2.4). An intrinsic characterization of the Weyl functions of bounded
prime dissipative operators with rank one imaginary part has been established in
[13].

The present paper deals with bounded operators T in a separable Hilbert
space $) satisfying the condition

Ker Ty # {0}.

Such operators are called quasi-selfadjoint. If M is a subspace of $H such that
N D ranTy, we call the operator T' an D-quasi-selfadjoint operator and define its
N- Weyl function Mt o by

Mrn(2) = PaBr(2)) 9, 2 € p(T).

The function M7 g is a Herglotz—Nevanlinna function if and only if T is selfad-
joint. Moreover, in this case Mt g belongs to the subclass Ngt of L()-valued
Herglotz—Nevanlinna functions holomorphic in a neighborhood of infinity and such
that lim, oo 2Mp ;m(z) = —In. The 91-Weyl functions of 9-quasi-selfadjoint op-
erators form a larger class, which is denoted by M$; and defined in Definition
5.10.

Let My € My,. Define the operators

By = — lim 22 (Mo(z) + Imz_l) ,

zZ—00
Dy = — lim 2* (My(2) + Inz~" + Bz~?) — B§.
Z—00
We shall see that Dy is a nonnegative operator. Let 91, := tan Dy. We establish
(see Theorem 6.1) that there exists a unique Herglotz—Nevanlinna function M;
from the class Ngtl such that in a neighborhood of infinity one has

M;'(2) = By — 2y — Dy/* My (2)DY/?.

The function M7 will be called the Schur transformation of Mj.

Now we apply the preceding construction to the function M; instead of M,
and continue this procedure. If My = {0} ( <= Dy = 0), then the process
terminates at the N-th step. Otherwise the process is infinite. As a result we
obtain a finite or infinite chain of Hilbert spaces

N=N2M 2N D ---,
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bounded selfadjoint operators By, € L(My), k > 1, bounded nonnegative operators
Dy, € L(M), k >

My, € N&k,k > 1, which are defined in a common neighborhood of infinity U,
satisfy the equalities

0, such that Tan Dy = k41, and a sequence of functions

MY (2) = By — 2Im, — Dy/*Myy1(2)D}/?, 2 € U,
and have the asymptotic behavior
My (2) = —Im, 2~ = Brz™? — (B} + Dp)z 3 +0(27?), z — 00, k> 0.

The above sequences of Hilbert spaces {91} and operators { By} and {Dj;} we call
the sequences of Schur parameters of Mj.
Define a Hilbert space $) by

k>0

Put A = D,i/2|\ My11 and consider Ay, as elements of L(My41,Mk), & > 0. By
means of the operators { By} and {Aj} we construct an operator in $) given by the
block operator Jacobi matrix

Bo A9 0 0 0
Ay Bi A 0 0
Jo=1 0 A B, Ay 0

The operator Jy is M-quasi-selfadjoint and MN-simple, i.e. span { TN, n € Ny} =
$. We prove that the 91-Weyl function of Jy coincides with M, in some neighbor-
hood of infinity. We mention the following consequences of our result, which can
be considered as analogs of Stone’s theorem [36]:
e every bounded selfadjoint operator which is simple with respect to a subspace
is unitarily equivalent to a selfadjoint block operator Jacobi matrix, in partic-
ular, if a bounded selfadjoint operator has a spectrum of multiplicity m < oo
(see [2]), then it is unitarily equivalent to a selfadjoint block operator Jacobi
matrix,
e every completely non-selfadjoint [20] and quasi-selfadjoint operator is unitarily
equivalent to a quasi-selfadjoint block operator Jacobi matrix.
The latter result gives an alternative model to the Livsic triangular model of a
bounded linear operator with nuclear imaginary part (see [33] and [21]). We es-
tablish a connection between the class M, and 1) the class Q7 of characteristic
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functions of the Livsic—Brodskil operator colligations [20], 2) the class of transfer
functions of discrete time-invariant quasi-selfadjoint linear systems [19], [12].

In the case of 9t = 9, = ... = C™ the selfadjoint bounded and unbounded
block Jacobi matrices arise in the theory of matrix moment problems and in the
theory of matrix orthogonal polynomials on the real line (see [32], [17], [10], [24],
and references therein).

3. Weyl functions

Definition 3.1. Let $ be a Hilbert space and let 91 be a non-zero subspace of $
(the case 91 = § is not excluded). Let T' € L($)). The function

Mrm(z) = PoRr(2)! N, z € p(T),

is called the N-Weyl function of T

Clearly,
(3.1) M7 5 (2) = Mp- ;(2), 2 € p(T).

Expanding M7, into the Taylor series at infinity, we get

oo
(3.2) Mro(z) ==Y X;z77, |2| > |IT],

j=1
where
X; =PyT?7 ', jeN.

The series (3.2) converges with respect to the operator norm topology. If 9t = §,
then, clearly, Mr ¢(z) = Rr(z) for all z € p(T). If N # $H, set H = H SN and
consider the operator block matrix representation

N N

B D
(3.3) T:(C A):EB—>€9.
H H

Observe that the entries of this matrix are operators whose norms do not exceed
the norm of T. Expressing the first three coefficients of (3.2) in terms of these
entries we obtain the asymptotic expansion

(3.4) Mrj(z) = —Inz™' — Bz? — (B2 + DC)z" % + 0(27?), 2z — .
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It follows that B and DC' can be recovered from Mz o by the relations

(3.5) B = — lim 22(Mprxm(2) + I;z7Y),

and

(3.6) DC = — lim 2*(Mrwm(2) + Imz~* + B27%) — B2
Zz— 00

593

The next result is known as the Schur—Frobenius formula, cf. [28, Lemma 1.1.7 ].

It is a cornerstone of the present paper.

Theorem 3.2. Let T be given by (3.3) and let
(3.7) V(z) := zIn — B4+ DR4(2)C, z € p(A).

Then
zep(T)Np(A) <= V7 i(z) € L(M),

and then

(v V() DRA()
(3.8) Rr(z) = <RA(Z)CV1(Z) Ra(z) (In — C’Vfl?Z)DRA(Z)) > ’

where z € p(T) N p(A).
Applying (3.8) we immediately obtain
(3.9) Mrj(z) = -V 1z2), 2z € p(T) N p(A),

which in turn yields the existence of M;%Q(z) if z € p(T) N p(A4).

Definition 3.3. Let $; and $2 be Hilbert spaces and let 91 C $; N $H2 be a subspace.
Two operators T1 € L($1) and Tz € L($)2) are called M-unitarily equivalent if there

exists a unitary operator U € L($1,$2) such that

UF‘J’Ian and UTlZTQU

The following result can be immediately derived from (3.9) and (3.7).
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Proposition 3.4. Let 1 and $o be Hilbert spaces and let Nt C $H1NH2 be a subspace.
If the operators Ty, € L($k), k = 1,2, are M-unitarily equivalent, then W, o =
W, ;.

We conclude this section with a useful resolvent formula.

Proposition 3.5. Let T, S € L(9). Then for z € p(T + S) N p(T), one has
(Iﬁ + SRT(Z))il € L(f))
and
(310) RT+S(Z) = RT(Z) — RT(Z)(L@ + SRT(Z))ilsRT(Z)
Proof. Since T+ S — zIg = (Iy + SRr(2))(T — zIgy), it follows that (Ig +
SRr(z))~! € L($) and Rry5(2) = Rr(2)(Ig+SRr(2))~! for z € p(T+S)Np(T).
On the other hand,
RT+S(Z) *RT(Z) = qu_s(Z)(T*ZIy) - (T+Sf ZI,VJ))RT(Z) = 7RT+S(Z)SRT(Z).

Hence, we obtain (3.10).
|

The following corollary of Proposition 3.5 has been established in [11, Theo-
rem 5.1].

Corollary 3.6. If T € L(9) and S € L(M, 9), then
Rryspy(2) = Rr(z) — Rr(2)S(In + PuRr(2)S) ™ PnRr(2),

where z € p(T + SPy) N p(T).

Proof. Apply Proposition 3.5 to the operators T and SPy. Note that (Iy +
PynRr(2)S)~! € L(M) if and only if (I + SPnR7(2))~! € L($), and in this case

S(Ix + PpRr(2)S)™! = (I + SPrRr(2))™'S.
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4. Simple and quasi-selfadjoint operators

Definition 4.1. Let O be a non-zero subspace of $ and T € L($)). The operator
T is called MN-simple if
span { T"M, n € No} = 9.

Observe that the Taylor expansion of the resolvent
Ry(z) = —Zsz_j_l, lz| > |7,
j=0
implies that
(4.1) span {T"M, n € No} =span {Rr(2)N, |z| > r}
for any r > ||T'||. Clearly, any operator T' € L($)) is $-simple.
Proposition 4.2. Let 0 be a proper non-zero subspace of $. Let T € L($) and (3.3)

be the corresponding matrix representation of T. Then the operator T is N-simple
if and only if the operator A in H is Tan C-simple.

Proof. The Schur-Frobenius formula (3.8) implies the relation

Ro(2)7 = {(RA({:)Cf> fe m} 12| > |I71].

Denote $ =span{T"M, n € Ny}. Then M C H’ and, hence,

9 =Nespan {Ra(z)CN, |2| > [|T][},

which gives
$ =N@span {A"CN, n € Ny}

by (4.1). Therefore, ' = § if and only if span {A"CN, n € No} = H.
|

The preceding proposition implies that 9t-simplicity of T" does not depend on
the operator PnT.

Definition 4.3. An operator T' € L($) is called quasi-selfadjoint if

Ker T7 # {0}.
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Definition 4.4. Let M C §) and let T € L($). The operator T is called M-quasi-
selfadjoint if
ranT; C .

Notice that any T' € L($) is Tan Tr-quasi-selfadjoint and an arbitrary selfad-
joint operator is quasi-selfadjoint and 9-quasi-selfadjoint for each subspace 91 in
$. Moreover, from Definition 4.4 it follows that T is 9t-quasi-selfadjoint if and only
if
(4.2) Tr = PnTrPy.

Hence, for every f,g € M,
(Mrm(z) = M7 () f,9) = (Pn(T — 2In) ™" f — Pn(T* = Eln) "' £, 9)
= (Pn(T — 2Io) {(T* = T)(T* = EIn) ™" f,9) +
+ (2= &) (Pn(T — 2Io) (T — EIn) "' . 9)
—2i (Mr,m(2 2)TrMrn(€)f, g9) +
+ (2= &) (Pn(T = zIn) "N (T* = &Iw) "' f, 9) -

Therefore, we obtain the useful formula
(4.3)
My (2) = M7 0 (€)+2i My s (2) T My (€) = (2=€) Pn(T—21g) (T —EI5) 1| M,

where z,& € p(T).

Remark 4.5. Let T be an M-quasi-selfadjoint operator. Then the operators A and
A’ defined by
A:=T) kerT;, A :=T|H.

are Hermitian, the operator A in the right lower corner of the matrix representation
(4.4) is equal to Py A’, and

ACAcT, ACAcCT™

The latter fact motivates the notion of a quasi-selfadjoint operator.

The block matrix representation (3.3) of an M-quasi-selfadjoint operator T'
can be specified to

. N
(4.4) TZ(? i) — @,
H

D3
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where A is a bounded selfadjoint operator in H.
For the 91-Weyl function Wr s of an 9l-quasi-selfadjoint operator 7', from
(3.4) and (3.6) we get

(4.5) Mry(z) = —Iqz~t = Bz72 — (B> + C*C)2 3 + 0(272), 2 — o0,
and
(4.6) C*C = — lim 2*(Mrm(2) + Inz~ ' + B2z72) — B

Proposition 4.6. Any IM-quasi-selfadjoint operator in $) is N-simple if and only if
its real part is N-simple.

Proof. If 91 = § there is nothing to prove. If 91 #£ §, then the assertion follows
from Proposition 4.2.

]
Corollary 4.7. If T is an N-quasi-selfadjoint operator in §, then the identity
(4.7) Rp(2) = Ry, (2) — iRy, (2)T1 (I;m + i P Ry, (2) Ty ) ™ P Ry, (2)
holds for z € p(T) N p(Tr).
Proof. The result follows from (4.2) and Corollary 3.6.

]

Recall [20] that a bounded operator T in §) is called completely non-selfadjoint
if there is no non-zero reducing subspace of T in which T is a selfadjoint operator.
The following results are well-known [20, Theorem 1.2]:

1) the subspaces o =Span { T"T;$H: n € Ny, tand ' = H© Ho reduce T, T| &’
is selfadjoint, and T| Ho is completely non-selfadjoint,
2) the operator T is completely non-selfadjoint if and only if

(48) Span {TnT[f), n e No} =9.

Therefore, Proposition 4.6 yields the equivalence of the following statements:
(1) T is completely non-selfadjoint;
(2) T is tan Ty-simple;
(3) Tg is Tan Ty-simple.
Now we state a certain converse of Proposition 3.4 (cf. [11, Theorem 6.2]).
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Theorem 4.8. Let $H1 and $Ho be two Hilbert spaces and I C H1NH2 be a subspace.
Let Ty, k = 1,2, be N-simple and N-quasi-selfadjoint operators. If Mr, om = M, m
in some neighborhood of infinity, then Ty and Ty are N-unitarily equivalent.

Proof. Assume
My, m(z) = My, m(2), |z| >,

where 7 is some positive number. Let P&k) be the orthogonal projections in $y
onto N, k= 1,2. Then

P R, (2)) M= P R, (2)) 0, 2] >
Relation (4.5) yields PO(%)TIP‘R = Pg(f)TlF N. Hence, from (4.2) and (4.3) we get

(49) (RTl(Z)f7RT1(§)g)ﬁ1 = (RT2( )f7RT2( ) )ﬁzv | | |£‘ >, f,gE‘ﬁ

Let
Ly =span{Rrp, ()N, |z| >r}, k=1,2.

Let U be a linear operator on £; defined as follows:

(4.10) (ZRTI 2 fj) ZRTQ (z) fus {f;} .

Then ranU = Lo and (4.9) shows that U is isometric. Since Ty and T3 are 91-
simple, the linear manifolds £; and L5 are dense in $; and $)o, respectively. Thus,

U admits a unitary continuation on $);, which is also denoted by U.
Because URr, (2)f = Ry, (2) f, one has

Uf =~ lim U(zRr,(2)f) = = lim 2R, (2)f = f, [ €N

Finally, if {f;} C 91 and |z;| > r, we get
UTl(ZRTl(Zj)fj) = U(Z(fj + 2 Ry (Zj)fj)) = Z(fj + 2 R, (25) f7)

- TQ(ZRTQ(%‘)JZ‘) = T2U(ZRT1 (Zj)fj)’

which yields UTy = ThU.
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5. Classes of holomorphic functions

Let 9 be a Hilbert space. We shall be concerned with L(9%)-valued holo-
morphic functions with domains containing a neighborhood of infinity, which may
depend on the function. We shall be only interested in the behavior of such func-
tions for sufficiently large |z|. Therefore, if it is not indicated otherwise, the equality
F = G of two such functions means that there exists a neighborhood of infinity,
where F and G coincide.

5.1. Herglotz—Nevanlinna functions. An L(9)-valued function N is called a

Herglotz—Nevanlinna function or an R-function if it is holomorphic in the upper
and the lower half-planes, N*(z) = N(Z), and

N(z) = N*(2)

z2—Z

>0

for all z € C\ R. An account on scalar Herglotz—Nevanlinna functions can be
found in [30]. Many properties of scalar functions can be easily generalized to
operator-valued Herglotz—Nevanlinna functions, cf. [20, §4].

Definition 5.1. An L(91)-valued Herglotz—Nevanlinna function N is said to belong
to the class Ny if it is holomorphic at infinity.
If, in addition,
lim 2N (z) = —Is,

Z— 00

then we say that N belongs to the class Ngq.

Clearly, for N € Ny the value N(00) :=lim,_, N(z) belongs to L(M).
It is well known that every function N of the class Nyp admits an integral
representation of the form

b dG(t)

t—2z

(5.1) N(z):F+/

for z in the domain of V. Here I is a selfadjoint operator in 91 and G is a bounded
nondecreasing and nonnegative L(9)-valued function on some bounded interval
[a,b] normalized by G(a) = 0, cf. éQO, §4], [30]. Clearly, N(c0) = I'. Moreover,
N € N if and only if I' = 0 and [, dG(t) = In.

The following operator representations are well known.
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Theorem 5.2. ([20]) Let M be a Hilbert space and let N € No. Then there exist
a Hilbert space H, a bounded selfadjoint operator A in H and an operator C &€
LM, H), such that

(5.2) N(z) = N(00) + C*Ra(2)C

for z in the domain of N. Moreover, H and the operators A and C can be chosen
in such a way that A is Tan C-simple.

It should be mentioned that the right-hand side of (5.2) is defined and holo-
morphic on p(A). From Definition 3.1 and expansion (4.5) it follows that the 91-
Weyl function Mr , of a bounded selfadjoint operator 7' belongs to the class INJ,.
Due to Naimark’s dilation theorem [20, Theorem 2 of Appendix 1] the converse
statement is also true.

Theorem 5.3. ([20]) If M € N3, then there exist a Hilbert space § containing N
as a subspace and a selfadjoint operator T in §) such that T is M-simple and

(5.3) M(z) = PnRr(z)) M
for z in the domain of M.

Notice that according to Theorem 4.8 the pair ($),T) is defined up to -
unitary equivalence. Thus, we arrive at the following statement.

Theorem 5.4. An L(MN)-valued function belongs to the class N, if and only if it
1s the N-Weyl function of an N-simple selfadjoint operator.

The next two theorems will be used in Section 6.

Theorem 5.5. Let M € N& Then the following statements hold true:
(1) M~1(2) € L(M) for all z in some neighborhood of infinity;
(2) if
By = — lim 2*(M(2) 4 Iyz™ 1),

Z— 00

then the function
N(z) := By — zIm — M~'(2)

belongs to the class Ny and N(oco0) = 0.
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Proof. The statements follow from Theorem 5.4, relation (3.9), and Theorem 3.2.
]

Theorem 5.6. Let N € Ny and N(o0) = 0. Let

D() = — lim ZN(Z), ‘ﬁl = mDo.
ZzZ—00
Then there exists a function Ny € N‘(IJH such that

N = DY?N, DY/,

Proof. For z in the domain of N the function N admits an integral representation

b
o= [ 190

Notice that ,
Dy = / dG(t).
Since 0 < G(t) < Dy, we obtain

G(t) = DY*G1(t)DY?, t € [a,b],

for some nonnegative and nondecreasing L(91;)-valued function G; such that
Gi(a) =0, fab dG4(t) = Iy, . Clearly, the L(9%)-valued function

b
Ni(z) ::/ dfj(?, z € C\ [a,b],

belongs to the class N§, and N = Dé/QNlDéﬂ.
m

Remark 5.7. It is obvious that the function Ny is unique in accordance with the
convention mentioned at the beginning of this section.

5.2. The class M‘?{ Before we define the class Mg, we establish the main
properties of the 91-Weyl function of an 1-quasi-selfadjoint operator.
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Theorem 5.8. Let Mr o be the M- Weyl function of an IM-quasi-selfadjoint operator
T € L(9). Put B= PyRT|N. Then
(1) My, has the asymptotic expansion:

(5.4) Mrg(2) = —Inz~' — Bz72 4+ 0(272), z— oc;

(2) Mz(2) € L(N) for all |2| > [|T]|;
(3) the function

N(z):= —Mi}n(z) + B — zIyn, |z| > ||T|,
belongs to Ny and admits a holomorphic continuation on the domain C\ [«, 3],
where
a = inf{(Th,h), h € H, ||h|| = 1},

5.5 H = RIE
(5:5) 8= sup{(Th.h), h € H, ||h]] = 1}, 20

(4) the function
(5.6) No(2) := (Im = iMrm(2)Br) ™ Mrm(2), |2 > [IT]],

belongs to NS and admits a holomorphic continuation on the domain C \ [a,b],
where

(6.7) a:=mf{(Trh,h), h €9, [[h]] =1}, b:=sup{(Trh, h), h € &, [[b]| = 1};

moreover, No = Mr, », t.e., Ny is the M- Weyl function of the real part of T';
(5) the function of two variables

Mrm(z) — {WTm(f) M’ZT]Y:)’{(E)M%m(f)’ £+ 7,
68 Gl = “oF

d(Mzift(Z)) M;%T(Z)M;m(i)v E=z

is a nonnegative kernel (see [15], [34]) for |z, [&| > ||T||, i.e.,

n

Z (GNjs Ai) fis [i)oy = 0

i,5=1

for every natural number n and any choice of points {\;}I—, and vectors {f;}1_, C

N.
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Proof. (1): The asymptotic expansion (5.4) follows from (4.5).
(2) and (3): The operator T has the block operator matrix form (4.4). From
the Schur—Frobenius formula (3.8) we get that M, n(2) € L(M) and
My y(2) = —2ln = V(2), |2] > [|IT1],
where V(z) = =B + C*R4(2)C. It follows that
N(z) = C"Ra(2)C, |z > |IT]].

Because A = PyT | H is a selfadjoint operator, the function N belongs to the class
Ny and admits a holomorphic continuation on the domain C\ [«, 5]. where the
numbers o and [ are defined by (5.5).

(4): Let Mr, m be the 9-Weyl function of the operator Tx. Since Tg is
selfadjoint, by Definition 3.1 and Definition 5.1 it belongs to the class N and has
a holomorphic continuation on the domain C \ [a,b]. where the numbers @ and b
are given by (5.7). From the resolvent formula (4.7) we obtain

PmRT(Z)P N = (P‘J’IRTR (Z) — iPmRTR(Z)B](Im + iMTRf)’t(Z)B[)ilenRTR (Z))P n,
where |z| > ||T||. It follows

Mrx(2) = My, s(2) — iMrp, ot (2) Br(I;m + iMry ot (2) Br) ™ Mry, m(2)
= (In + iM7y, m(2)Br) ™ My, ;m(2).

Hence, (Isﬁ — iMﬂg{(Z)B[)ilMT’m(Z) = MTR,‘JI(Z)7 |Z| > HTH
(5): Notice that from (4) it follows that

My p(2) = My (2) +iBr, |2| > ||T]].

Furthermore, for £ # Z we have

Mrm(z) — M7 5 () + 2i My m(2) Br M7 5 (€)
z—£
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Hence, (4.3) yields

n n § B . 2
D (GO A fis fi)m = H DT = NIg) M| =0
i,j=1 j=1
for every choice of points {A;}7 1, |Xi| > ||T|], ¢ = 1,...,n, and vectors {f;}; C

N, where G(z,€) is defined by (5.8).
[

Remark 5.9. If the operator T is selfadjoint, then Mr o belongs to the class NJ
and the kernel G(z, &) takes the well known form

Mrm(z) — M5 (€)

Gl=8) = d (1\471;(;))5

dz

“NI

£ #
¢ =

w

If dim9 < oo, then Theorem 3.2 implies that the D-Weyl function of an
MN-quasi-selfadjoint operator T is holomorphic on C \ R except, perhaps, a set of
poles in the closed disc {z € C : |z| < ||T||} whose accumulation points are located
on the real axis (see [20, Theorem 9.1]).

The preceding Theorem 5.8 suggests the introduction of the following class of
operator-valued holomorphic functions.

Definition 5.10. Let 91 be a Hilbert space. We will say that an L(91)-valued
function M belongs to the class M, if the following conditions are satisfied:

(1) M is holomorphic in some neighborhood of infinity,

(2) M has the asymptotic expansion

M(z) = —Ipz ' =Bz 2 +0(27%), z— o0,

where B € L(™M),
(3) the function
Mo (z) == (I —iM(2)Br) "' M(z),

which is defined for all z in some neighborhood of infinity, has a holomorphic
continuation to a function of the class N$.

Notice that if the operator B of condition (2) is selfadjoint, then M € NJ,.
Therefore, the class N& is contained in the class Mgr By Theorem 5.8, the M-
Weyl function of an J-quasi-selfadjoint operator belongs to M&. The next theorem
deals with a converse statement.
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Theorem 5.11. If M belongs to the class MY, then there exist a Hilbert space
containing N as a subspace and an N-simple and N-quasi-selfadjoint operator T in
9 such that

Mr o, = M.

Proof. Define the function My according to (3) of Definition 5.10. Since Mj has
a holomorphic continuation to a function of the class N&, by Theorem 5.3 there
exist a Hilbert space $) containing 91 as a subspace and an 9i-simple selfadjoint
operator Ty in $) such that M is its 9-Weyl function. It is easy to see that M,
has an asymptotic expansion

My(z) = —Inz"' — Brz 2 4+ 0(27?%), z— oo,

which yields B = PnTp] M. Set T = Ty + iByPy. Then T is quasi-selfadjoint,
Tr =Ty, and N DO ranT;. By Proposition 4.6, T is also 9i-simple. The resolvent
formula (4.7) gives

PmRT(Z)P N = Pm (RTO (Z) — iRTo (Z)T[(Im + inJ’tRTO (Z)T[P ‘ﬁ)_leRTO (Z)) P 81,
hence, for z in a neighborhood of infinity,

My y(2) = Mz, m(2) — iMr, ;(2) Br (Im + iMz, ;i (2) Br) ~ M, ;(2)
= (In + iMo(2) Br) ™ Mo(z)

since T = By Py. Taking into account condition (3) of Definition 5.10, we obtain
the equality Mp o, = M.
]
Notice that by Theorem 4.8 the 9i-simple and 9t-quasi-selfadjoint operator T’
of Theorem 5.11 is unique up to N-unitary equivalence.

Proposition 5.12. ([11]) Suppose M € M, and let B = — lim 2%(M(z)+ Inz"1).
Then the following conditions are equivalent: -
(i) the Hilbert space $) of Theorem 5.11 coincides with N;
(ii) the function 2 — M~Y(z) + zI — B s identically zero;
(i)
— lim 2*(M(2) + Inz~' + Bz %) = B

Z—00
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Proof. By Theorem 5.11 the function M is the 91-Weyl function of some 91-simple
and N-quasi-selfadjoint operator T' in a Hilbert space .
(i) < (ii): 9 =N <= M(2) = Rr(2) &= M (2)+z2In=T = B.
(1)=(iii): If H =N, then

M(z)=—Ipz"' = Tz2 = T%273 + 0(273), 2 — oco.

Hence,
B=T=— lim 2% (M(2) + Inz""),
T? = — lim 2° (M(2) 4+ Imz~ ' + T27?) = B>,
Z— 00

(iii)=(i): If B? = —lim, . 2° (M (2) + Imz~* + Bz~2), then
B =PyT|MN and B?= PyT? M.

Because T is of the matrix form (4.4), we get C' = PpT| H = 0. Hence, 91 reduces
T. Since T is M-simple, we get $H = N.
]
Let M € M, and let X € L(M). Since lim,_,o M (z) = 0 with respect to the
operator norm topology, there exists a neighborhood of infinity, where the function
A = ®x (M) given by the fractional linear transformation

(5.9) Az) = M(2)(Im + XM(2)) ™' = (Iq, + M(2)X) ' M(2)
is defined and holomorphic. Moreover, lim,_, o, zA(z) = —In and
(5.10) A ') =M 2)+ X

in a neighborhood of infinity. The inverse transform is equal to
M =3d_x(A).

Notice that from Definition 5.10 it follows that for any M € My, there exist a
function N € N and an operator X € L(M) such that M = ®x(N).

Proposition 5.13. (1) For any X € L(M) the transformation ®x maps M, onto
M. In addition, the set
{ox, X e L(M)}

forms a group of fractional linear transformations of M isomorphic to the additive
group of L(M).

(2) The transformation ®x maps N into N if and only if the operator X
1s selfadjoint.
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Proof. From (5.9) we have the identity

A(z) = N (2) =(Im + N(2)X) 71 (N(2) = N"(2) + N (2)(X = X")N*(2))
x (I + X*N*(2)) 71,

which holds for z in some neighborhood of infinity. Thus, if X = X* and N € N;%,
then, clearly, A € N&. Conversely, if N, A € N, then the equalities N*(z) = N(z)
and A*(z) = A(z) and the invertibility of N(z) for all real z in a neighborhood of
infinity yield X = X™*.

In order to prove statement (1) we note that if X, Y € L(1), then

Dy (Px (M) =M(In+ XM) ' (In+YM(In+XM)"H)"!
=MIn+ (X +Y)M)™' =dx, v (M).

Let M € M, and let lim, o 2%(M(2) + Inz~') = —B. Then for A = ®x (M),
we get

(5.11) lim 22 (A(z) + Imz_l) =-B-X.

zZ—00

It follows that
Q_ip—ix;(A) = _ix, 4 x—ip, (M) = Px, (P_ip, (M)).

By Definition 5.10, the function ®_;p, (M) belongs to the class N$. From state-
ment (2) we obtain that ®_;5,_ix, (A) also belongs to the class N§. Therefore,

A = ®x (M) belongs to the class M.
n

Remark 5.14. The Weyl functions of quasi-selfadjoint contractions and of quasi-
selfadjoint operators with rank one imaginary part have been investigated in [11]
and [13], respectively.

6. The Schur transformation of the class M;%

Theorem 6.1. Let N be a Hilbert space and M € M. Define the operators

(6.1) B=— lim 2? (M(z) + Imzfl)
and
(6.2) Dy =— lim zs(M(z) Izt BZ*Q) — B2

All rights reserved © Bolyai Institute, University of Szeged



608 Y. Aruinskii and L. KroTz

Then Do > 0 and the following statements hold true:
(1) the function

(6.3) 2+ N(2) = B —zIn — M~ (2),

wnitially defined in a neighborhood of infinity, has a continuation to a function from
the class Ny and satisfies
(6.4) — lim zN(z) = Dy;

Z—00

(2) for My =Tan Dy, there exists a unique function M; of the class Ngh such

(6.5) DY*MDY? = N,

(3) the following conditions are equivalent:
(a) the function N is identically zero,
(b) 9 = {0},
(C) DO = 0,
(d) —lim, . 23 (M(z) + I;qz~ ! + Bz_Q) = B2,

Proof. By Theorem 5.11 the function M can be realized as the 91-Weyl function
M(z2) = PuRr(2)! N, |2 > ||T],

of an M-quasi-selfadjoint and M-simple operator 7' in some Hilbert space $ con-
taining 9 as a subspace. According to Proposition 5.12, the case ) = N occurs if
and only if one of the equivalent conditions (a), (b), (c), (d) is satisfied

Suppose 9 # N. Represent T in the block-matrix form (4.4) with respect to
the decomposition $ = 9N @ H. Since A = PyT| H, we have o(A) C [—||T||, ||T|l]-
From Theorem 3.2 and formulas (3.8), (3.7), (4.5), and (4.6) it follows that

Dy =C*"C >0,

and
M™(2) = B — zIn — C*Ra(2)C, |2| > ||T||.

Hence, for z € p(A) one has
N(z) =C*"Ra(2)C,

which implies that N belongs to the class Ny. To obtain statement (2) we apply

Theorems 5.6 and 5.5.
[
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Remark 6.2. Since C*C' = Dy, there exists a unitary operator V from 91; onto
M :=tan C C H such that C' = VyDg/?. Therefore,

C*Ra(2)C = DY*Vi PpRa(2)VoDY/? = Vi Ma an(2)Va, =z € p(A).

It follows that M; = VM4 on V0.
Set
H]_ :H6m7 ﬁl :ml @Hh

and consider a unitary operator

Vo O MWooom
Vo = 0 I P - D
Sy My

Define a selfadjoint operator TW in $, by the equality
TW = Vi AV,.

Clearly, T(!) is unitarily equivalent to A and Mrpay o, = Vo Ma,mVo. Thus,
My = Mrao m,

i.e., the function M; is equal to the 9;-Weyl function of T} and its domain
of analycity contains the neighborhood of infinity Ujjray = {2 : [2] > [[TD]]3.
Since ||[T™M|| = ||A|| < ||T||, both functions M and M, are holomorphic in the
neighborhood of infinity

Uy = {2z € C: |2 > [|T[}-

In addition
1/2
1Bl < 1], [IC] = IDg’?[ < |ITI.

Definition 6.3. The function M; appearing in equality (6.5) is called the Schur
transformation of the function M.

If Dy is positive definite, then 91, = 9T and

M, (2) = Dy /*(B = z2I;y — M~'(2))Dy'/* € NY,.

If M is a scalar function (i.e., dim 9 = 1), then the Schur transformation takes on
the classical form [1], [29], [5]

where

ag = dy = — lim z(b—z—%):— lim z3(M(z)+;+;)—b27ﬁO.

Z— 00
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Remark 6.4. Let M € MY, X € L(M), and let A = ®x (M) be the fractional
linear transformation of M according to (5.9). From (5.10), (5.11), and (6.4) it
follows that the Schur transformations of M and A coincide in a neighborhood of
infinity.

Proposition 6.5. Let M € N,. If M is an odd function in some neighborhood of
infinity, then B = 0 and the Schur transformation of M is an odd function as well.

Proof. If M is odd, (6.1) yields B = 0. Therefore, N is odd by (6.3) and, hence,

M, is odd by (6.5).
]

Let My € MJ,. Define the operators By and Dy by (6.1) and (6.4), respec-

tively. Put 91, = tan Dy. Note that
My(z) = —In,2" ' — Boz™2 — (B2 + Do)z +0(27?), 2 — oc.
Define the L(M;)-valued Schur transformation M; of the function My by the rela-
tion
Dy/* M (2)Dy/* = By — zIy, — My ' (2).
According to Theorem 6.1 the function M; belongs to the class Ngtl. Now we
apply the preceding construction to the function M; instead of My and continue
this procedure. If My11 = {0}( <= Dy = 0), then the process terminates at the
N-th step. Otherwise the process is infinite. This way we get
(1) a finite or infinite chain of nontrivial subspaces
N=N 2 2Ny D ---,

(2) bounded selfadjoint operators By € L(My),

(3) bounded selfadjoint nonnegative operators Dy € L(My), such that My =
Tan Dy,

(4) functions My, € N&k_, which are defined in a common neighborhood of infinity
U, have the asymptotic behavior

My(2) = —In, 2" = Bpz™? — (B + Di)z7 2 +0(27?), 2 — o0,
and My is the Schur transformation of My, i.e.,
M;'(2) = By — 2Im, — Dy/*Myy1(2)Dy/?, 2 € U,

for all k.
Moreover, from Remark 6.2 it follows

sup{|| By|| + [| Dg|[} < oc.
k>0
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Definition 6.6. Let M, € MJ,. The sequences of subspaces
N=Ng oM 2N 2D ---,

and of operators {Bj}r>0 and {Dj}r>0, described above, are said to be the se-
quences of Schur parameters of M.

Notice that the operators By are selfadjoint for £ > 1, the operators Dy are
nonnegative for all £ > 0. All operators By, k > 0, are selfadjoint if and only if
My belongs to the class INJ,.

Theorem/\@.?. Let My and Mg be_from the class M$,. If the Schur parameters of
My and My coincide, then My = My.

Proof. Let
N=NM2M 2N 2+,  {BreLM)}ilp, {Dr € LM)}ly, N < oo,

be the Schur parameters of My and Mo. The corresponding functions My, Mk €
N&k satisfy the relations

M;Y(2) = By, — zIn, — D}/*My1(2)D}/?,

(6.6) ! —
M7 (2) = By, — 2Im, — D}/*My11(2)Dy/?, k>0,

for all z from a common neighborhood of infinity, and have the asymptotic expan-
sions

My (2) = —Imkz_l — Bpz"2— (B,% + Dk)z_3 + 0(2_3)7

6.7 N
©.7) My, (2) = —Im, 27" — Bpz 2 — (B + Di)2z73 + 0(273), 2z — oc.

Our goal is to prove that My = M. If N < oo, then Ml\f(z) = My'(z) =
By — zIm, . Hence, relations (6.6) imply the equality My = M.

Let N = co. Let us mention that if H is a Hilbert space and V is an L(H)-
valued function, holomorphic in a neighborhood of infinity and having the Taylor
expansion

V()= —-Inz ' —Fpz 2 —Fz % — . — Fzm™ — |
then V~1(2) € L(H) and the function V' ~! has the Taylor expansion

Vilz) = —2In+Co+ Crz7 ' + Coz 2+ Cs2 3 + -+ Cppz ™ + -+
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in some neighborhood of infinity. The Taylor coefficients of V and V! are con-
nected by the following relations:

Fy = C,

F3=Coly+Cq = Cg + CY,

Fy = ColFs + C1F> + Cy,

(6.8) Fs =CoFy+ C1F3+ CoFy + Cf,

Let
My(2) = —Iy, 27! — ZF(k)z_j, Mk(z) = —Ip 2zt — Zﬁ](k)z_j,

Jj=2 Jj=2
M (2) = —2In, + ZC’](»k)z_j, Mk_l(z) = —zln, + Zé’](»k)z_j, k € No.
j=0 i>0

Then ~ _
M = FM = By, FM = " = B2 + Dy,

for all £ € Ny. .

Clearly, Mo(z) — Mo(2) = o(273), 2 — oc. Fix k > 1. Then (6.6) gives Cl(k) =
G = Dy O — G = D2, DY, O = G = DB, D) DY
From (6.8) it follows that

RO FR. RO
Then we get ka_l) = 5{’6_1), Cék_l) = éék_l), C§’“‘” = Eék_l), Cik_l) =
C’ikfl), C’ékil) = Cékil), and relations (6.8) yield

F4(k:—l) _ ﬁgk—n’ F7(k—1) _ 1;7(;@—1).

ey

Arguing similarly we get the equalities

0) _ (0 0 =(0
F4( ) :Fi ), ) FQ(erSZFQ(erS'
Hence,
(6.9) My(z) — Mo(z) = o(z273), 2z — oo.

Since k is an arbitrary natural number, we conclude that My = Mo.
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Remark 6.8. In the proof of Theorem 6.7 it is shown that if the Schur parameters
of functions My and Mg from the class M& are such that B; = El and D; = l~)l for
1=0,1,... k41, then (6.9) holds true. Similarly, if B; = B, for | = 0,1,...,k+1
and D; :51 for [ =0,1,...k, then

(6.10) My(z) — M{)(Z) =o0(z7%%7%), z = 0.
Using (6.8) in the form

C() - F27
Ci = F3 — Coky,
Cy =Fy — CoF3 — C1 F>,

Cno1=Fop1 —CoF, —C1Fy_1 — - = CpoFy,

one can prove the converse statements:
(1) if (6.9) is satisfied, then B; = B; and D; = D; for 1 =0,1,...k+ 1;
(2) if (6.10) is satisfied, then B; = B; for I = 0,1,...,k+ 1 and D; = D; for
l=0,1,...k.

7. Block operator Jacobi matrices

Let {Hy}1_, be a sequence of separable Hilbert spaces, N < co. Let {By, €
L(Hy)}H_, and By, Ba, ... be selfadjoint operators. Let {4 € L(Hyt1, Hy)}
be a sequence of operators. Assume that

(7.1) sup{||Bx|| + ||Akl], k € No} < oo if N =oc.
Suppose also that
(7.2) Ar A > 0( < ker Ay = {0}) for all k.

Define a Hilbert space

N

57) = Z@Hky N < 0,
k=0

with inner product

N
Z fk7gk
k=0
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for f = (fo, f1,-- )%, 9= (90,91,-- ), fr,9x € Hg, k > 0. Define in § an operator
J given by the finite (if N < 0o) or infinite (if N = c0) three-diagonal matrix

By A 0 0 0
Ay B A 0 0
(7.3) J=110 A4 B, 4, 0

We shall call a matrix of the form (7.3) a block operator Jacobi matrix.

Proposition 7.1. The operator J is bounded, Hy-quasi-selfadjoint, and Hy-simple
in the Hilbert space . Moreover, let My be the Hy-Weyl function of J and let My
be the Hy-Weyl function of the block Jacobi operator Jy acting in the Hilbert space
D = Z;v:k @©H; and given by the operator matriz obtained from J by crossing out
the first k rows and the first k columns. Then the relations

My (2) = —Im, 271 — Brz=2 — (B + AgA})2 3 4+ 0(273), 2 — oo,

7.4 _
74 By — 21, — M\ (2) = AMisa ()AL, 2] > [1J]],

hold for all k.

Proof. Obviously, condition (7.1) yields the boundedness of J.
Let f = (f0,0,0,...)7 and let

g™ = (g(()n),ggn), )T =0 f, ne N,.
Then
(7.5) gr(Ln) = AL AL o Ago, 921)1 = 9&22 =...=0,
and condition (7.2) implies that the linear manifold span {J"Hy, n € Ny} is dense
in 9. Hence, J is an Hp-simple operator. Because the operators B;, Bs,... are

selfadjoint, the operator J is Hy-quasi-selfadjoint.
It is sufficient to prove (7.4) for kK = 0. To do this write the operator J in the
matrix form

By A, Hy Hy
T=\i ») %~ %
o 1 1
where
Aj
~ ~, 0
AOZ(AO 0 0 ...)157:')1—>H0, AOZ 0 IHO—>5’:)1.
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This yields
My(z) = —Iy, 2~ — Boz ™2 — (B3 + AgAg)z "% + 0(27%), 2 — o0,
and by Theorem 3.2 we have

By — 2Ig, — My ' (2) = /T()(Jl - 2151)7128 =
= A().PH1 {(Jl — ZIle)_1|\ Hl} AB = AoMl(Z)AS, |Z‘ > HJH ]

Let T € L($) be 9-simple. For each n € Ny, define a subspace

(7.6) L, =span {T*N, k=0,1,...,n}.
Clearly,

N=LyCL;C---CL, 1CL,C
and
(7.7) TL, C Lyy1, n € Ng.
Let
(7.8) Q,=L,6L,_1, nEN.

Since T is M-simple, we obtain

(7.9) H=Na ) a0,

n>1

Notice that § = 9@ Y15, &, where N < oo, if and only if Ly = .

Proposition 7.2. Let T € L($) be an N-simple and N-quasi-selfadjoint operator.
Then T has a block operator Jacobi representation (7.3) with respect to the decom-
position (7.9).
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Proof. From (7.7) and (7.8) it follows that T, L Qj for all k& > n + 2. Because
T is N-quasi-selfadjoint, we get ), C KerTj for all n € N. Hence, TQ, L Q,
k=0,1,...,n — 2, for n > 2. It follows that T admits a block operator Jacobi
representation (7.3) with respect to the decomposition (7.9).
]
Let 91y be a separable Hilbert space. Suppose that a finite or infinite chain
of its nontrivial subspaces
No2IM 2Ny D -+

is given. Define a Hilbert space
H=NdMN & .

Denote by jj the embedding operator from 941 into Mg, & > 0. Let {By €
L(My)} and suppose that By, Ba,... are selfadjoint. Let {Ax € L(Mg41, M)} be
a sequence of operators such that

e each operator jpA; € L(My) is nonnegative selfadjoint in My,

o ker A7 =9y, © Myyq for all k.
Then we have Aj Ay > 0 for all £ > 0. Suppose that condition (7.1) is satisfied.

The corresponding block operator matrix of the form (7.3) we shall call a

special block operator Jacobi matriz.

Example 7.3. Let dim9t = m < oo and let 9 = N for all k. The block Jacobi
operator
0
1 1
5In sl O
J— 20 2

o o o

In

[

is called the discrete Schrodinger operator [10].

Proposition 7.4. FEvery block operator Jacobi matrix is unitarily equivalent to a
special block Jacobi operator matrix.

Proof. Let J be of the form (7.3). Let us find the Schur parameters of the Hy-
Weyl function M g, of J in accordance with the construction of Section 6 and
relations (7.4). Put

EO = By, 50 = A0A87 LG Zmﬁo =Ttan Ag.
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By the polar decomposition we have Aj = Vlﬁé/ 2, where V; is a unitary operator
from 91, onto Hy. Then define

By = Vi'BiVi, Dy = V;*A{ATVy, My =Tan D;.
Clearly, 915 C 917 and there exists a unitary operator V5 acting from 915 onto Hs
such that vaDi/ 7 = A7Vi. Continue this process. Then we get a chain of Hilbert
spaces
No=Ho2M 2---,

a sequence of unitary operators Vi, € L(Mg, Hy), k > 1, Vp := Iyn,, and sequences
of operators

{Br =V ByVy € L(M%) b >0, (D= ViV, ViV Ag AgVoVi -+ - Vi1 Vi bieso.-

These data are the Schur parameters of M p,. Now define the operators Ay =
IN)i/QF Mit1 € L(Mgg1,Mg). Let jo be the special block operator Jacobi matrix
constructed by means of {B;} and {A}. Then one can check that V=1JV = Jq,
where the unitary operator V' from = Y ko @M onto H =Y, . BH, is given

by the orthogonal sum of the operators Vj, i.e.,

V=1In, @Y Vi
E>1

Clearly, any function M from the class Mgt corresponds to some special block
operator Jacobi matrix

N Mo

By DY* 0 0o 0 ..\, ¥ 9

pY> B D¥* o o .| W N

(7.10) Jo = 1/2 1/2 :® - 9D,
0 D% By D? 0 | o

S3) 53]
constructed by means of the Schur parameters of M. Observe that (see (7.5), (7.6),
(7.8))
Py, Ji'f =D/ D)% - DI*Dy* f, f e My,
L0 =span {JiNg, k=0,1,...,n} = Z@mk,
k=0
QA =r0sL0 Ny

n—1 —
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Theorem 7.5. Let T be an Ny-quasi-selfadjoint and Ng-simple operator in a sep-
arable Hilbert space . Then T is NNg-unitarily equivalent to an operator given by
a special block Jacobi operator matriz (7.10), constructed by means of the Schur
parameters of the M- Weyl function My oy of T.

Proof. By Proposition 7.2, the operator T has a block Jacobi matrix representation
with respect to the decomposition (7.9). Hence, according to Proposition 7.4 the
operator T' is M-unitarily equivalent to the special block operator Jacobi matrix

contructed by means of the Schur parameters of Mz x.
]

Corollary 7.6. If a bounded selfadjoint operator has a spectrum of multiplicity m <
0o (see [2]), then it is unitarily equivalent to a special selfadjoint block operator
Jacobi matriz.

Corollary 7.7. Fach quasi-selfadjoint and completely non-selfadjoint operator T in
a separable Hilbert space is Tan Tr-unitarily equivalent to a special block operator
Jacobi matriz.

8. LivSic—Brodskir characteristic operator-functions
and Weyl functions

In this section we establish a connection between the class M‘% and the class
Q7 of characteristic functions of the Liv§ic—Brodskii operator colligations.

Definition 8.1. ([20, §1]; see also [21], [37]) Let $) be a Hilbert space and let
T € L(9). The aggregate

(8.1) @:(g K g)

is called the Livsic—Brodskii operator colligation with the main operator T' if & is
a Hilbert space, J is a unitary and selfadjoint operator in €, ie., J = J* and
J? =I¢, K € L(€, %), and the identity

(8.2) Tr=KJK".

holds.
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The spaces $) and € are called respectively interior and ezterior spaces of the
colligation ©, and the operators T', K, J are called main, channel, and directing
operators, respectively. Relation (8.2) yields the inclusion

ranT; C ran K.

Tt is known (see [20, Theorem 1.1.]) that if T is a bounded linear operator acting
m a separable Hilbert space 9, and M is any subspace containing Tanly, then
there exists a colligation © of the form (8.1) such that T is its main operator and
ran K = M.

Let © be a colligation of the form (8.1) and let

Ho =span {T"K €, n € Ny}, 5’)8) =HO He-

Then the subspaces Ho and £ reduce T and ) ng) ) is a selfadjoint operator in

Sﬁgj ) [20]. The colligation © is called simple if Ho = 9. Clearly, if T' is completely
non-selfadjoint, then the colligation is simple.

Given a colligation
T K J
=5 " ¢)

the holomorphic L(€)-valued function We, defined by
(8.3) We(z) =1 —2iK*(T — 2I)'KJ, z € p(T),

is called the characteristic function of the operator colligation O (see [20, §3]). It
has the following properties:
(8.4)
We () TW& (1) — T = 2i(fi — 2) K*(T — 215) " (T* — ily) "' K,
W) ITWe(z) = T = 2i(i — 2) TK*(T* — juls) (T — 2I5) 'K J,
z,p € p(T),
i(Wo(2) + Ty) " (Wo(2) — I0)7 = K*(Tr — 215) 'K, 2 € p(T) (1 p(Ti).

Two colligations

- T1 K1 ,_7 o T2 K2 j
@1—(5:)1 @) and 62_<f_)2 (‘3)

are called unitarily equivalent if there exists a unitary operator U € L($)1, $2) such
that
UT, = TLU, UK = K.

All rights reserved © Bolyai Institute, University of Szeged



620 Y. Aruinskii and L. KroTz

Theorem 8.2. ([20, §3]) (1) If ©1 and O2 are unitarily equivalent, then their char-
acteristic functions are equal.

(2) If the characteristic functions We, and We, of simple colligations ©1
and ©g coincide in some neighborhood of infinity, then ©1 and ©2 are unitarily
equivalent.

Suppose that a linear operator [J, acting in a separable Hilbert space €,
satisfies the conditions J = J* and J? = I¢.

Definition 8.3. [20, page 43]. An L(€)-valued function W is said to belong to the
class Q7 if it has the following properties:

(1) W is holomorphic in some neighborhood Gy of infinity;

(2) i o [V (2) — Tele = 0

(3) for all z € Gy the operator W(z) 4+ I¢ has a bounded inverse, while the
function

(8:5) V(2) =i(W(2) +Ie) " (W(2) = Le)T = i(W(2) = Ie)(W(2) + Ie) "' T,

where z € Gy, has a holomorphic continuation to an L(&)-valued Herglotz—
Nevanlinna function from the class Neg.

Theorem 8.4. ([20, Theorem 5.1., Corollary 2, Corollary 3]) Let an L(&)-valued
function W be from the class Q7. Then there exists a simple colligation © with
directing operator J such that its characteristic function Wg is equal to W in some
neighborhood of infinity. The function W has an asymptotic expansion

(8.6) W(z)=1Ie +2iHT 2z +o(z7h), 2 — oo,

where H = H* € L(€) and H > 0. If H =0, then W = I¢.
If W1 and Wy belong to Qz7, then WiWs € Q7.

Observe that from (8.3) it follows that
Wo(z) =Ie¢ — 21K Mrmn k (2) KT, z € p(T),

where My wan i (2) is the Tan K-Weyl function of the operator T'. We shall prove
the following statement.
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Theorem 8.5. Let € be a Hilbert space and let J € L(€), J = J* = J~'. Assume
that an L(€)-valued function W belongs to the class Qz and let

(8.7) H= E lim 2(W(z) — I¢)J.

21 z—o00

Define Mg =tan H. Then there exists a function M € M&O such that for any z in
a neighborhood of infinity one has

W(z) = Ie — 20iHY?M(2)H'? 7.

Moreover, there exists a simple operator colligation © whose exterior space € and
directing operator are equal to € and [J, resp., whose main operator Jy is Mgy-
simple, Ng-quasi-selfadjoint and given by a special block operator Jacobi matriz,
and whose characteristic function is equal to W.

Proof. Let V' be defined by (8.5). Then
V() (W(z) + 1e) = i(W(z) = Ie)T

for z in some neighborhood of infinity. By Definition 8.3, the function V' belongs
to the class Ng. Taking into account (8.6) we get

V(o) =0, lim 2V (z) = —H.

Z—00

By Theorem 5.6, the function V' can be written in the form
V=H'/>NH'?,

where N € Ngto' By Theorems 5.3 and 7.5, the function N is the 91p-Weyl function
of an My-simple selfadjoint operator Ty in a Hilbert space $ given by a special block
operator Jacobi matrix constructed by means of the Schur parameters of N. Define
the operator Jy in § by the equality

Jo =Ty + iHY*JHY? Py,
where Py, is the orthogonal projection in § onto 9. Clearly, the operator Jy is
MNp-quasi-selfadjoint and takes the form of a special Jacobi matrix. Furthermore,

define K € L(€, $) by the equality

K = HY/2,
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Then K* = HY2Py, € L($,¢) and (Jy); = KJK*. Define the operator colliga-

tion W K 7
. 0
@<55 €>.

According to Proposition 4.6, the operator Jy is 9p-simple. Hence, the colligation
O is simple. Its characteristic function Wg is given by

Wol(z) = Ie — 20HY?Py Ry, (2)HY2 T, 2z € p(Jo).
Let M be the 9tp-Weyl function of Jy. Then M belongs to the class M;%O and we

have
Wol(z) = Ie — 2iHY 2 M (2)HY/2 7.

The last property from (8.4) gives
Vo(z) = K*Ry,(2)K = H'? Py, Ry, (2)HY? = HY2N(2)HY? = V(2)
for z in a neighborhood of infinity. On the other hand, from (8.5) it follows

W(z) = (Te +iV(2)T) e —iV(2)T) = (Ie +iVo(2)T)  (Ie — Ve (2)T)
= Weo(z2).

This completes the proof.

9. Quasi-selfadjoint discrete time-invariant systems

Let 91,01, and 9 be separable Hilbert spaces and let

m N
(9.1) T:(B;,O i):@—%@
H H

be a bounded linear operator. The system of equations

(9.2)

{hk+1:Ahk+C€k7 k>0

oy = Fhy + Bo&y,

describes the evolution of a linear discrete time-invariant system T = {T, 9, N, H}.
The Hilbert spaces 9t and 9 are called the input and the output spaces, respec-
tively, and the Hilbert space H is called the state space. The operators A, C, F,
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and By are called the main operator, the control operator, the observation operator,
and the feedthrough operator of 7, respectively. The subspaces

(9.3) H¢ =span{ A"CM, n € Ng} and H® =span{ A" F*N, n € Ny}

are called the controllable and observable subspaces of 7 = {T,9, 9, H}, re-
spectively. If H® = H (H° = H), then the system 7 is said to be controllable
(observable). Tt is called minimal if it is both controllable and observable. If
H = clos {H® + H°}, then the system 7 is said to be simple. Two discrete-time
systems 7 = {T1, 0, N, H1} and 7o = {T2, M, N, Ha} are unitarily similar if there
exists a unitary operator U from H; onto Hs such that

(94) AQZUAlU*, CQZUCh FQZFlU*, and B2:Bl.
The function
(9.5) O,(z) :== By — FR4(2)C, z € p(A)

is called the transfer function of the system 7. Clearly, ©(c0) = B. D.Z. Arov [14]
has shown that two minimal passive systems 7 and 75 with the same transfer
function © are only weakly similar, i.e., there is a closed densely defined operator
Z : Hy — Ho such that Z is invertible, Z ! is densely defined, and

(96) ZAlf = AQZf, Flf = ,FQZf7 f €domZ, and ZCy = Cs.

Definition 9.1. (Cf. [12]) The system 7 = {T;9, M, H} is said to be quasi-
selfadjoint if the operator T' in (9.1) is 9-quasi-selfadjoint.

It follows that A is a selfadjoint operator in $) and F' = C*. Hence the control-
lable and observable subspaces of a quasi-selfadjoint system coincide. Proposition
4.1 implies that a quasi-selfadjoint system 7 is minimal if and only if the operator
T is M-simple. Let © be the transfer function of a quasi-selfadjoint system 7. Since
A is selfadjoint, the function

N(z) =By —0O(z) = C*Ra(2)C, z € p(A),
belongs to the class Ny and N(oo) = 0. Set

Dy = — lim zN(z) = lim 2(0(z) — ©(0))

Z—00 Z— 00
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and 9, = tan Dy. According to Theorem 5.6, there exists a function N; € Ngh
such that N = Dé/leDé/Q. Observe that by Theorem 3.2 the function

M(2) = (0(2) - @), 2 € p(T) N p(A),

is the 91-Weyl function of the JM-quasi-selfadjoint operator T'. It follows that two
minimal quasi-selfadjoint systems, whose transfer functions coincide in a neigh-
borhood of infinity, are unitarily equivalent (see [12]). Notice that such kind of
systems, which are called normal symmetric dynamical systems, have been studied
in [19]. Passive quasi-selfadjoint discrete time-invariant systems (]|7°|] < 1) have
been investigated in [12].
Let
{Mkte>1, {Brte>1, {Drtr>1

be the Schur parameters of Ni. Set Hy = 2321 N, A = D,i/2|\ Nit1, £ > 1,
and let Jy be a special block Jacobi matrix of the form (7.10) acting in the Hilbert
space Hy = N & Hp. From Theorem 7.5 we get the following statement.

Theorem 9.2. Let 7 = {T;M 9, H} be a minimal quasi-selfadjoint system.
Then T is unitarily equivalent to the quasi-selfadjoint system of the form 9 =
{Jo;mamaHO}'
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