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Abstract. A bounded operator T in a separable Hilbert space H is called

quasi-selfadjoint if ker(T − T ∗) 6= {0} and N-quasi-selfadjoint if N ⊇ ran (T −

T ∗), where N is a subspace of H. An N-quasi-selfadjoint operator T is called

N-simple if the linear hull of {TnN, n = 0, 1, . . .} is dense in H. We study the

N-Weyl function M(z) = PN(T−zIH)−1|\ N of an N-quasi-selfadjoint operator

and define its so-called “Schur parameters”. The main result of the paper is

that any N-quasi-selfadjoint and N-simple operator is unitarily equivalent to

an operator given by a special block operator Jacobi matrix constructed by

means of the Schur parameters of its N-Weyl function.

1. Notations

We use the common symbols C, R, N, and N0 for the sets of complex num-

bers, real numbers, positive integers, and nonnegative integers, respectively. For a

complex number z, the notation z̄ means its complex conjugate.

The closure of a subset M of a topological space is denoted by M . If M

is a subset of a topological vector space, then spanM denotes its linear hull and

spanM is the closure of spanM. All Hilbert spaces we shall consider in this paper

are separable spaces over C. The inner product and corresponding norm of a

Hilbert space H are denoted by (·, ·)H and || · ||H, respectively. We omit the symbol

H in these notations if there is no danger of confusion.
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586 Y. ARLINSKĬI and L. KLOTZ

Throughout this paper the notion “operator” means “bounded linear oper-

ator”. The linear space of operators acting between Hilbert spaces H and K is

denoted by L(H,K) and the Banach algebra L(H,H) by L(H). The domain, the

range, and the null-space of an operator T are denoted by domT , ranT , and KerT ,

respectively, and ranT stands for the closure of ranT. If T ∈ L(H,K), then T ∗ and

||T || denote its adjoint and norm, respectively. For any subset M of H, define

TM := {Tf, f ∈ M}. If L is a subspace, i.e. a closed linear subset, of H, the

orthogonal projection in H onto L is denoted by PL and the restriction of T to L by

T |\ L. If T is invertible, then T−1 denotes its inverse. If T ∈ L(H), the operators

TR = (T + T ∗)/2 and TI = (T − T ∗)/2i are said to be its real and imaginary

parts, respectively. By ρ(T ) and σ(T ) we denote the set of its regular points and

spectrum, respectively. The identity operator in a Hilbert space H is denoted by

IH. The symbol RT (z) = (T − zIH)−1, z ∈ ρ(T ), stands for the resolvent of T . A

selfadjoint operator T in a Hilbert space H is called nonnegative if (Tf, f) ≥ 0 for

all f ∈ H. In this case we shall often use the notation T ≥ 0. If (Tf, f) > 0 for

all f ∈ H \ {0}, we shall write T > 0. A nonnegative operator T is called positive

definite if 0 ∈ ρ(T ).

2. Introduction

In order to describe the main objectives and results of the present paper

we first recall the notions of Schur transformation [35] and Schur parameters for

functions analytic on the open unit disk and bounded by one (the Schur class S).

Given f ∈ S, define inductively

f0(λ) = f(λ), fn+1(λ) =
fn(λ)− fn(0)

λ(1− fn(0)fn(λ))
, n ≥ 0, |λ| < 1.

It is clear that {fn} is a finite or infinite sequence of functions from the class S.

We recall that it is a finite sequence if and only if f can be written as a finite

Blaschke product. The numbers γn := fn(0) are called the Schur parameters. The

method of labeling f ∈ S by its Schur parameters is known as the Schur algorithm

and is due to I. Schur [35]. It is proved in [35] that the Schur parameters uniquely

determine the Schur function. The transformation

S ∋ f 7→ ϕ ∈ S : ϕ(λ) =
f(λ)− f(0)

λ(1− f(0)f(λ))

is now called the Schur transformation [5]. The Schur algorithm for matrix valued

Schur class functions has been considered in the paper of Delsarte, Genin, and
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Bounded quasi-selfadjoint operators and block operator Jacobi matrices 587

Kamp [27] and in the book of Dubovoj, Fritzsche, and Kirstein [28]. An operator

extension of the Schur algorithm was developed by T. Constantinescu in [23] and is

presented with numerous applications in the book of Bakonyi and Constantinescu

[16].

Recall that a function g belongs to the Herglotz–Nevanlinna class if it is

holomorphic on the open upper half plane and

Im g(z)

Im z
≥ 0.

Setting g(z) = g(z̄), Im z < 0, one can extend g to a holomorphic function on

C \ R, which is also denoted by g and called Herglotz–Nevanlinna function. Let g

be a Herglotz–Nevanlinna function such that

g(z) = −s0
z
− s1
z2

+ o

(
1

z2

)
, z = iy, y → ±∞.

In [1, Lemma 3.3.6] it is proved that if s0 = 0, then g = 0 and if s0 > 0, then the

function g1:

g1(z) =
s1
s0
− z − s0

g(z)

is a Herglotz–Nevanlinna function such that limy→∞ g1(iy) = 0. The transforma-

tion

g 7→ g1

is called the Schur transformation for Herglotz–Nevanlinna functions [5], [6].

Let α, β ∈ R, α ≤ β. Denote by N0[α, β] the set of all Herglotz–Nevanlinna

functions m which are holomorphic on C \ [α, β] and such that

lim
z→∞

zm(z) = −1.

Any function m ∈N0[α, β] has an integral representation

(2.1) m(z) =

∫ β

α

dσ(t)

t− z ,

where σ is a nondecreasing function on [α, β] such that σ(α) = 0 and σ(β) = 1. It

follows that m has an asymptotic expansion

(2.2) m(z) = −1

z
− b0
z2
− a2

0 + b20
z3

+ o

(
1

z3

)
, z →∞,

Acta Sci. Math. (Szeged),76:3−4(2010)
All rights reserved c© Bolyai Institute, University of Szeged

All rights reserved © Bolyai Institute, University of Szeged



588 Y. ARLINSKĬI and L. KLOTZ

and its Schur transformation m1:

(2.3) m1(z) =
1

a2
0

(
b0 − z −

1

m(z)

)

belongs to the class N0[α, β] as well (see [29]). Thus, the Schur transformation

preserves the class N0[α, β]. A repeated application of the Schur transformation

gives a representation of m by a finite or infinite continued fraction (J-fraction, cf.

[38])

(2.4) m(z) =
−1

z − b0 +

−a2
0

z − b1 +

−a2
1

z − b2 + · · ·+
−a2

n−1

z − bn + · · · .

The process terminates at the N -th step if and only if m is a rational function of

the form

m(z) =

N∑

k=1

ck
µk − z

,

where {µk}Nk=1 are real numbers and {ck}Nk=1 are positive numbers such that∑N
k=1 ck = 1.

Recall that a selfadjoint operator T in a separable Hilbert space H is called

prime if there exists a cyclic vector e ∈ H of T (cf. [2]). If e is a normalized cyclic

vector of T , then the function

(2.5) m(z) =
(
(T − zIH)−1e, e

)
H
, z ∈ ρ(T ),

is called Weyl’s m-function (or Weyl function for short) of T (cf. [29]). It is a

well known fact that the set of Weyl functions of prime selfadjoint operators in

separable Hilbert spaces coincides with the function class

N0 :=
⋃

[α,β]⊂R

N0[α, β].

Moreover, the Weyl function m of a selfadjoint operator T belongs to the class

N0[α, β], where

α = inf{(Tf, f), f ∈ H, ||f || = 1}, β := sup{(Tf, f), f ∈ H, ||f || = 1}.

According to Stone’s theorem every prime, even unbounded, selfadjoint operator

T can be represented in some orthonormal basis by a finite or semi-infinite Jacobi

Acta Sci. Math. (Szeged),76:3−4(2010)
All rights reserved c© Bolyai Institute, University of Szeged

All rights reserved © Bolyai Institute, University of Szeged
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matrix of the form

(2.6) J =




b0 a0 0 0 · · ·
a0 b1 a1 0 · · ·
0 a1 b2 a2 · · ·
· · · · · · ·
· · · · · · an−1

· · · · 0 an−1 bn




or

(2.7) J =




b0 a0 0 0 0 · ·
a0 b1 a1 0 0 · ·
0 a1 b2 a2 0 · ·
...

...
...

...
...

...
. . .


 ,

where ak > 0, and bk are real numbers for all k = 0, 1, . . . (see [1], [2]). If T is

bounded and m is its Weyl function, the entries of the corresponding Jacobi matrix

are the numbers from the right hand side of (2.4). On the other hand, the same

numbers appear in the three term recurrence relations

(2.8)
akPk+1(z) + bkPk(z) + ak−1Pk−1(z) = zPk(z), k ≥ 0, a1 = 1,

P1(z) = 0, P0(z) = 1

for polynomials {Pk} orthonormalized with respect to the measure dσ in (2.1).

Notice that the Schur transformation has been extended to scalar generalized

Nevanlinna and Schur classes of functions by M. Derevyagin in [25], M. Derevya-

gin and V. Derkach in [26], and D. Alpay, T. Azizov, A. Dijksma, H. Langer,

Yu. Shondin, and G. Wanjala in [4], [8], [9], [5], [6], [7], [10]. For matrix-valued

Herglotz–Nevanlinna functions the Schur algorithm has been applied to the study

of interpolation problems and truncated moment problems by I. Kovalishina [31],

V. Bolotnikov [18], and G.-N. Chen and Y.-J. Hu [22].

In the paper [13] it is proved that every prime bounded operator T with rank

one imaginary part TI in a separable Hilbert space H can be represented by a

Jacobi matrix of the form (2.6) or (2.7) with respect to some orthonormal basis.

The only difference with the selfadjoint case is that the number b0 is nonreal. The

method used in [13] is based on the Livšic characteristic function [33], [20] or on

the Weyl function m of T given by (2.5), where e ∈ ranTI . In this case m is

no longer a Herglotz–Nevanlinna function but has an asymptotic expansion (2.2),

where a0 > 0 and b0 is a nonreal number. Nevertheless, its Schur transformation

(2.3) belongs to the class N0. Thus, m can be expanded into a continued fraction
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of the form (2.4) and, moreover, the Jacobi matrix corresponding to T has entries

coming from (2.4). An intrinsic characterization of the Weyl functions of bounded

prime dissipative operators with rank one imaginary part has been established in

[13].

The present paper deals with bounded operators T in a separable Hilbert

space H satisfying the condition

KerTI 6= {0}.

Such operators are called quasi-selfadjoint. If N is a subspace of H such that

N ⊇ ranTI , we call the operator T an N-quasi-selfadjoint operator and define its

N-Weyl function MT,N by

MT,N(z) = PNRT (z)|\ N, z ∈ ρ(T ).

The function MT,N is a Herglotz–Nevanlinna function if and only if T is selfad-

joint. Moreover, in this case MT,N belongs to the subclass N0
N of L(N)-valued

Herglotz–Nevanlinna functions holomorphic in a neighborhood of infinity and such

that limz→∞ zMT,N(z) = −IN. The N-Weyl functions of N-quasi-selfadjoint op-

erators form a larger class, which is denoted by M0
N and defined in Definition

5.10.

Let M0 ∈M0
N. Define the operators

B0 = − lim
z→∞

z2
(
M0(z) + INz

−1
)
,

D0 = − lim
z→∞

z3
(
M0(z) + INz

−1 +Bz−2
)
−B2

0 .

We shall see that D0 is a nonnegative operator. Let N1 := ranD0. We establish

(see Theorem 6.1) that there exists a unique Herglotz–Nevanlinna function M1

from the class N0
N1

such that in a neighborhood of infinity one has

M−1
0 (z) = B0 − zIN −D1/2

0 M1(z)D
1/2
0 .

The function M1 will be called the Schur transformation of M0.

Now we apply the preceding construction to the function M1 instead of M0

and continue this procedure. If NN+1 = {0} ( ⇐⇒ DN = 0), then the process

terminates at the N -th step. Otherwise the process is infinite. As a result we

obtain a finite or infinite chain of Hilbert spaces

N = N0 ⊇ N1 ⊇ N2 ⊇ · · · ,
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Bounded quasi-selfadjoint operators and block operator Jacobi matrices 591

bounded selfadjoint operators Bk ∈ L(Nk), k ≥ 1, bounded nonnegative operators

Dk ∈ L(Nk), k ≥ 0, such that ranDk = Nk+1, and a sequence of functions

Mk ∈ N0
Nk

,k ≥ 1, which are defined in a common neighborhood of infinity U ,

satisfy the equalities

M−1
k (z) = Bk − zINk

−D1/2
k Mk+1(z)D

1/2
k , z ∈ U,

and have the asymptotic behavior

Mk(z) = −INk
z−1 −Bkz−2 − (B2

k +Dk)z
−3 + o(z−3), z →∞, k ≥ 0.

The above sequences of Hilbert spaces {Nk} and operators {Bk} and {Dk} we call

the sequences of Schur parameters of M0.

Define a Hilbert space H by

H =
∑

k≥0

⊕Nk.

Put Ak := D
1/2
k |\ Nk+1 and consider Ak as elements of L(Nk+1,Nk), k ≥ 0. By

means of the operators {Bk} and {Ak} we construct an operator in H given by the

block operator Jacobi matrix

J0 =




B0 A0 0 0 0 . . .

A∗
0 B1 A1 0 0 . . .

0 A∗
1 B2 A2 0 . . .

...
...

...
...

...
. . .


 .

The operator J0 is N-quasi-selfadjoint and N-simple, i.e. span {TnN, n ∈ N0} =

H. We prove that the N-Weyl function of J0 coincides with M0 in some neighbor-

hood of infinity. We mention the following consequences of our result, which can

be considered as analogs of Stone’s theorem [36]:

• every bounded selfadjoint operator which is simple with respect to a subspace

is unitarily equivalent to a selfadjoint block operator Jacobi matrix, in partic-

ular, if a bounded selfadjoint operator has a spectrum of multiplicity m <∞
(see [2]), then it is unitarily equivalent to a selfadjoint block operator Jacobi

matrix,

• every completely non-selfadjoint [20] and quasi-selfadjoint operator is unitarily

equivalent to a quasi-selfadjoint block operator Jacobi matrix.

The latter result gives an alternative model to the Livšic triangular model of a

bounded linear operator with nuclear imaginary part (see [33] and [21]). We es-

tablish a connection between the class M0
N and 1) the class ΩJ of characteristic
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592 Y. ARLINSKĬI and L. KLOTZ

functions of the Livšic–Brodskĭı operator colligations [20], 2) the class of transfer

functions of discrete time-invariant quasi-selfadjoint linear systems [19], [12].

In the case of N = N1 = . . . = Cm the selfadjoint bounded and unbounded

block Jacobi matrices arise in the theory of matrix moment problems and in the

theory of matrix orthogonal polynomials on the real line (see [32], [17], [10], [24],

and references therein).

3. Weyl functions

Definition 3.1. Let H be a Hilbert space and let N be a non-zero subspace of H

(the case N = H is not excluded). Let T ∈ L(H). The function

MT,N(z) = PNRT (z)|\ N, z ∈ ρ(T ),

is called the N-Weyl function of T .

Clearly,

(3.1) M∗
T,N(z) = MT∗,N(z̄), z ∈ ρ(T ).

Expanding MT,N into the Taylor series at infinity, we get

(3.2) MT,N(z) = −
∞∑

j=1

Xjz
−j , |z| > ||T ||,

where

Xj = PNT
j−1|\ N, j ∈ N.

The series (3.2) converges with respect to the operator norm topology. If N = H,

then, clearly, MT,H(z) = RT (z) for all z ∈ ρ(T ). If N 6= H, set H = H ⊖ N and

consider the operator block matrix representation

(3.3) T =

(
B D

C A

)
:

N

⊕
H
→

N

⊕
H
.

Observe that the entries of this matrix are operators whose norms do not exceed

the norm of T . Expressing the first three coefficients of (3.2) in terms of these

entries we obtain the asymptotic expansion

(3.4) MT,N(z) = −INz−1 −Bz−2 − (B2 +DC)z−3 + o(z−3), z →∞.
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Bounded quasi-selfadjoint operators and block operator Jacobi matrices 593

It follows that B and DC can be recovered from MT,N by the relations

(3.5) B = − lim
z→∞

z2(MT,N(z) + INz
−1),

and

(3.6) DC = − lim
z→∞

z3(MT,N(z) + INz
−1 +Bz−2)−B2.

The next result is known as the Schur–Frobenius formula, cf. [28, Lemma 1.1.7 ].

It is a cornerstone of the present paper.

Theorem 3.2. Let T be given by (3.3) and let

(3.7) V (z) := zIN −B +DRA(z)C, z ∈ ρ(A).

Then

z ∈ ρ(T ) ∩ ρ(A) ⇐⇒ V −1(z) ∈ L(N),

and then

(3.8) RT (z) =

( −V −1(z) V −1(z)DRA(z)

RA(z)CV −1(z) RA(z)
(
IH − CV −1(z)DRA(z)

)
)
,

where z ∈ ρ(T ) ∩ ρ(A).

Applying (3.8) we immediately obtain

(3.9) MT,N(z) = −V −1(z), z ∈ ρ(T ) ∩ ρ(A),

which in turn yields the existence of M−1
T,N(z) if z ∈ ρ(T ) ∩ ρ(A).

Definition 3.3. Let H1 and H2 be Hilbert spaces and let N ⊆ H1∩H2 be a subspace.

Two operators T1 ∈ L(H1) and T2 ∈ L(H2) are called N-unitarily equivalent if there

exists a unitary operator U ∈ L(H1,H2) such that

U |\ N = IN and UT1 = T2U.

The following result can be immediately derived from (3.9) and (3.7).
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Proposition 3.4. Let H1 and H2 be Hilbert spaces and let N ⊆ H1∩H2 be a subspace.

If the operators Tk ∈ L(Hk), k = 1, 2, are N-unitarily equivalent, then WT1,N =

WT2,N.

We conclude this section with a useful resolvent formula.

Proposition 3.5. Let T, S ∈ L(H). Then for z ∈ ρ(T + S) ∩ ρ(T ), one has

(IH + SRT (z))−1 ∈ L(H)

and

(3.10) RT+S(z) = RT (z)−RT (z)(IH + SRT (z))−1SRT (z).

Proof. Since T + S − zIH = (IH + SRT (z))(T − zIH), it follows that (IH +

SRT (z))−1 ∈ L(H) and RT+S(z) = RT (z)(IH +SRT (z))−1 for z ∈ ρ(T +S)∩ρ(T ).

On the other hand,

RT+S(z)−RT (z) = RT+S(z)(T −zIH− (T +S−zIH))RT (z) = −RT+S(z)SRT (z).

Hence, we obtain (3.10).

The following corollary of Proposition 3.5 has been established in [11, Theo-

rem 5.1].

Corollary 3.6. If T ∈ L(H) and S ∈ L(N,H), then

RT+SPN
(z) = RT (z)−RT (z)S(IN + PNRT (z)S)−1PNRT (z),

where z ∈ ρ(T + SPN) ∩ ρ(T ).

Proof. Apply Proposition 3.5 to the operators T and SPN. Note that (IN +

PNRT (z)S)−1 ∈ L(N) if and only if (IH + SPNRT (z))−1 ∈ L(H), and in this case

S(IN + PNRT (z)S)−1 = (IH + SPNRT (z))−1S.
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4. Simple and quasi-selfadjoint operators

Definition 4.1. Let N be a non-zero subspace of H and T ∈ L(H). The operator

T is called N-simple if

span {TnN, n ∈ N0} = H.

Observe that the Taylor expansion of the resolvent

RT (z) = −
∞∑

j=0

T jz−j−1, |z| > ||T ||,

implies that

(4.1) span {TnN, n ∈ N0} = span {RT (z)N, |z| > r}

for any r ≥ ||T ||. Clearly, any operator T ∈ L(H) is H-simple.

Proposition 4.2. Let N be a proper non-zero subspace of H. Let T ∈ L(H) and (3.3)

be the corresponding matrix representation of T . Then the operator T is N-simple

if and only if the operator A in H is ranC-simple.

Proof. The Schur–Frobenius formula (3.8) implies the relation

RT (z)N =

{(
f

RA(z)Cf

)
, f ∈ N

}
, |z| > ||T ||.

Denote H′ = span {TnN, n ∈ N0}. Then N ⊂ H′ and, hence,

H′ = N⊕ span {RA(z)CN, |z| > ||T ||},
which gives

H′ = N⊕ span {AnCN, n ∈ N0}.
by (4.1). Therefore, H′ = H if and only if span {AnCN, n ∈ N0} = H.

The preceding proposition implies that N-simplicity of T does not depend on

the operator PNT .

Definition 4.3. An operator T ∈ L(H) is called quasi-selfadjoint if

KerTI 6= {0}.

Acta Sci. Math. (Szeged),76:3−4(2010)
All rights reserved c© Bolyai Institute, University of Szeged

All rights reserved © Bolyai Institute, University of Szeged



596 Y. ARLINSKĬI and L. KLOTZ

Definition 4.4. Let N ⊆ H and let T ∈ L(H). The operator T is called N-quasi-

selfadjoint if

ranTI ⊆ N.

Notice that any T ∈ L(H) is ranTI -quasi-selfadjoint and an arbitrary selfad-

joint operator is quasi-selfadjoint and N-quasi-selfadjoint for each subspace N in

H. Moreover, from Definition 4.4 it follows that T is N-quasi-selfadjoint if and only

if

(4.2) TI = PNTIPN.

Hence, for every f, g ∈ N,
(
(MT,N(z)−M∗

T,N(ξ))f, g
)

=
(
PN(T − zIN)−1f − PN(T ∗ − ξ̄IN)−1f, g

)

=
(
PN(T − zIN)−1(T ∗ − T )(T ∗ − ξ̄IN)−1f, g

)
+

+ (z − ξ̄)
(
PN(T − zIN)−1(T ∗ − ξ̄IN)−1f, g

)

= −2i
(
MT,N(z)TIM

∗
T,N(ξ)f, g

)
+

+ (z − ξ̄)
(
PN(T − zIN)−1(T ∗ − ξ̄IN)−1f, g

)
.

Therefore, we obtain the useful formula

(4.3)

MT,N(z)−M∗
T,N(ξ)+2iMT,N(z)TIM

∗
T,N(ξ) = (z−ξ̄)PN(T−zIH)−1(T ∗−ξIH)−1|\ N,

where z, ξ ∈ ρ(T ).

Remark 4.5. Let T be an N-quasi-selfadjoint operator. Then the operators A and

A′ defined by

A := T |\ kerTI , A′ := T |\H.
are Hermitian, the operator A in the right lower corner of the matrix representation

(4.4) is equal to PHA′, and

A′ ⊆ A ⊂ T, A′ ⊆ A ⊂ T ∗.

The latter fact motivates the notion of a quasi-selfadjoint operator.

The block matrix representation (3.3) of an N-quasi-selfadjoint operator T

can be specified to

(4.4) T =

(
B C∗

C A

)
:

N

⊕
H
→

N

⊕
H
,
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Bounded quasi-selfadjoint operators and block operator Jacobi matrices 597

where A is a bounded selfadjoint operator in H.

For the N-Weyl function WT,N of an N-quasi-selfadjoint operator T , from

(3.4) and (3.6) we get

(4.5) MT,N(z) = −INz−1 −Bz−2 − (B2 + C∗C)z−3 + o(z−3), z →∞,

and

(4.6) C∗C = − lim
z→∞

z3(MT,N(z) + INz
−1 +Bz−2)−B2.

Proposition 4.6. Any N-quasi-selfadjoint operator in H is N-simple if and only if

its real part is N-simple.

Proof. If N = H there is nothing to prove. If N 6= H, then the assertion follows

from Proposition 4.2.

Corollary 4.7. If T is an N-quasi-selfadjoint operator in H, then the identity

(4.7) RT (z) = RTR
(z)− iRTR

(z)TI(IN + iPNRTR
(z)TI |\ N)−1PNRTR

(z)

holds for z ∈ ρ(T ) ∩ ρ(TR).

Proof. The result follows from (4.2) and Corollary 3.6.

Recall [20] that a bounded operator T in H is called completely non-selfadjoint

if there is no non-zero reducing subspace of T in which T is a selfadjoint operator.

The following results are well-known [20, Theorem 1.2]:

1) the subspaces H0 = span {TnTIH : n ∈ N0, } and H′ = H ⊖ H0 reduce T , T |\ H′

is selfadjoint, and T |\ H0 is completely non-selfadjoint,

2) the operator T is completely non-selfadjoint if and only if

(4.8) span {TnTIH, n ∈ N0} = H.

Therefore, Proposition 4.6 yields the equivalence of the following statements:

(1) T is completely non-selfadjoint;

(2) T is ranTI -simple;

(3) TR is ranTI -simple.

Now we state a certain converse of Proposition 3.4 (cf. [11, Theorem 6.2]).
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Theorem 4.8. Let H1 and H2 be two Hilbert spaces and N ⊆ H1∩H2 be a subspace.

Let Tk, k = 1, 2, be N-simple and N-quasi-selfadjoint operators. If MT1,N = MT2,N

in some neighborhood of infinity, then T1 and T2 are N-unitarily equivalent.

Proof. Assume

MT1,N(z) = MT2,N(z), |z| > r,

where r is some positive number. Let P
(k)
N be the orthogonal projections in Hk

onto N, k = 1, 2. Then

P
(1)
N RT1(z)|\ N = P

(2)
N RT2(z)|\ N, |z| > r.

Relation (4.5) yields P
(1)
N T1|\ N = P

(2)
N T1|\ N. Hence, from (4.2) and (4.3) we get

(4.9) (RT1(z)f,RT1(ξ)g)H1 = (RT2(z)f,RT2(ξ)g)H2 , |z|, |ξ| > r, f, g ∈ N.

Let

Lk = span {RTk
(z)N, |z| > r}, k = 1, 2.

Let U be a linear operator on L1 defined as follows:

(4.10) U
( ∑

j

RT1(zj)fj

)
=

∑

j

RT2(zj)fk, {fj} ⊂ N.

Then ranU = L2 and (4.9) shows that U is isometric. Since T1 and T2 are N-

simple, the linear manifolds L1 and L2 are dense in H1 and H2, respectively. Thus,

U admits a unitary continuation on H1, which is also denoted by U .

Because URT1(z)f = RT2(z)f , one has

Uf = − lim
z→∞

U(zRT1(z)f) = − lim
z→∞

zRT2(z)f = f, f ∈ N.

Finally, if {fj} ⊂ N and |zj | > r, we get

UT1

( ∑

j

RT1(zj)fj

)
= U

( ∑

j

(fj + zjRT1(zj)fj)
)

=
∑

j

(fj + zjRT2(zj)fj)

= T2

( ∑

j

RT2(zj)fj

)
= T2U

( ∑

j

RT1(zj)fj

)
,

which yields UT1 = T2U .
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5. Classes of holomorphic functions

Let N be a Hilbert space. We shall be concerned with L(N)-valued holo-

morphic functions with domains containing a neighborhood of infinity, which may

depend on the function. We shall be only interested in the behavior of such func-

tions for sufficiently large |z|. Therefore, if it is not indicated otherwise, the equality

F = G of two such functions means that there exists a neighborhood of infinity,

where F and G coincide.

5.1. Herglotz–Nevanlinna functions. An L(N)-valued function N is called a

Herglotz–Nevanlinna function or an R-function if it is holomorphic in the upper

and the lower half-planes, N∗(z) = N(z̄), and

N(z)−N∗(z)
z − z̄ ≥ 0

for all z ∈ C \ R. An account on scalar Herglotz–Nevanlinna functions can be

found in [30]. Many properties of scalar functions can be easily generalized to

operator-valued Herglotz–Nevanlinna functions, cf. [20, §4].

Definition 5.1. An L(N)-valued Herglotz–Nevanlinna function N is said to belong

to the class NN if it is holomorphic at infinity.

If, in addition,

lim
z→∞

zN(z) = −IN,

then we say that N belongs to the class N0
N.

Clearly, for N ∈NN the value N(∞) := limz→∞N(z) belongs to L(N).

It is well known that every function N of the class NN admits an integral

representation of the form

(5.1) N(z) = Γ +

∫ b

a

dG(t)

t− z

for z in the domain of N . Here Γ is a selfadjoint operator in N and G is a bounded

nondecreasing and nonnegative L(N)-valued function on some bounded interval

[a, b] normalized by G(a) = 0, cf. [20, §4], [30]. Clearly, N(∞) = Γ. Moreover,

N ∈N0
N if and only if Γ = 0 and

∫ b
a
dG(t) = IN.

The following operator representations are well known.
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Theorem 5.2. ([20]) Let N be a Hilbert space and let N ∈ NN. Then there exist

a Hilbert space H, a bounded selfadjoint operator A in H and an operator C ∈
L(N,H), such that

(5.2) N(z) = N(∞) + C∗RA(z)C

for z in the domain of N . Moreover, H and the operators A and C can be chosen

in such a way that A is ranC-simple.

It should be mentioned that the right-hand side of (5.2) is defined and holo-

morphic on ρ(A). From Definition 3.1 and expansion (4.5) it follows that the N-

Weyl function MT,N of a bounded selfadjoint operator T belongs to the class N0
N.

Due to Năımark’s dilation theorem [20, Theorem 2 of Appendix 1] the converse

statement is also true.

Theorem 5.3. ([20]) If M ∈ N0
N, then there exist a Hilbert space H containing N

as a subspace and a selfadjoint operator T in H such that T is N-simple and

(5.3) M(z) = PNRT (z)|\ N

for z in the domain of M .

Notice that according to Theorem 4.8 the pair 〈H, T 〉 is defined up to N-

unitary equivalence. Thus, we arrive at the following statement.

Theorem 5.4. An L(N)-valued function belongs to the class N0
N if and only if it

is the N-Weyl function of an N-simple selfadjoint operator.

The next two theorems will be used in Section 6.

Theorem 5.5. Let M ∈N0
N. Then the following statements hold true:

(1) M−1(z) ∈ L(N) for all z in some neighborhood of infinity;

(2) if

B0 = − lim
z→∞

z2(M(z) + INz
−1),

then the function

N(z) := B0 − zIN −M−1(z)

belongs to the class NN and N(∞) = 0.
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Proof. The statements follow from Theorem 5.4, relation (3.9), and Theorem 3.2.

Theorem 5.6. Let N ∈NN and N(∞) = 0. Let

D0 = − lim
z→∞

zN(z), N1 := ranD0.

Then there exists a function N1 ∈N0
N1

such that

N = D
1/2
0 N1D

1/2
0 .

Proof. For z in the domain of N the function N admits an integral representation

N(z) =

∫ b

a

dG(t)

t− z .

Notice that

D0 =

∫ b

a

dG(t).

Since 0 ≤ G(t) ≤ D0, we obtain

G(t) = D
1/2
0 G1(t)D

1/2
0 , t ∈ [a, b],

for some nonnegative and nondecreasing L(N1)-valued function G1 such that

G1(a) = 0,
∫ b
a
dG1(t) = IN1 . Clearly, the L(N1)-valued function

N1(z) :=

∫ b

a

dG1(t)

t− z , z ∈ C \ [a, b],

belongs to the class N0
N1

and N = D
1/2
0 N1D

1/2
0 .

Remark 5.7. It is obvious that the function N1 is unique in accordance with the

convention mentioned at the beginning of this section.

5.2. The class M0
N

. Before we define the class M0
N, we establish the main

properties of the N-Weyl function of an N-quasi-selfadjoint operator.
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602 Y. ARLINSKĬI and L. KLOTZ

Theorem 5.8. Let MT,N be the N-Weyl function of an N-quasi-selfadjoint operator

T ∈ L(H). Put B = PNT |\ N. Then

(1) MT,N has the asymptotic expansion:

(5.4) MT,N(z) = −INz−1 −Bz−2 + o(z−2), z →∞;

(2) M−1
T,N(z) ∈ L(N) for all |z| > ||T ||;

(3) the function

N(z) := −M−1
T,N(z) +B − zIN, |z| > ||T ||,

belongs to NN and admits a holomorphic continuation on the domain C \ [α, β],

where

(5.5)
α := inf{(Th, h), h ∈ H, ||h|| = 1},
β := sup{(Th, h), h ∈ H, ||h|| = 1}, H = H⊖N;

(4) the function

(5.6) N0(z) := (IN − iMT,N(z)BI)
−1MT,N(z), |z| > ||T ||,

belongs to N0
N and admits a holomorphic continuation on the domain C \ [a, b],

where

(5.7) a := inf{(TRh, h), h ∈ H, ||h|| = 1}, b := sup{(TRh, h), h ∈ H, ||h|| = 1};

moreover, N0 = MTR,N, i.e., N0 is the N-Weyl function of the real part of T ;

(5) the function of two variables

(5.8) G(z, ξ) =





MT,N(z)−MT,N(ξ̄)

z − ξ̄ M−1
T,N(ξ̄)M∗

T,N(ξ), ξ 6= z̄,

d (MT,N(z))

dz
M−1
T,N(z)M∗

T,N(z̄), ξ = z̄

is a nonnegative kernel (see [15], [34]) for |z|, |ξ| > ||T ||, i.e.,

n∑

i,j=1

(G(λj , λi)fi, fj)N
≥ 0

for every natural number n and any choice of points {λi}ni=1 and vectors {fi}ni=1 ⊂
N.
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Proof. (1): The asymptotic expansion (5.4) follows from (4.5).

(2) and (3): The operator T has the block operator matrix form (4.4). From

the Schur–Frobenius formula (3.8) we get that M−1
T,N(z) ∈ L(N) and

M−1
T,N(z) = −zIN − V (z), |z| > ||T ||,

where V (z) = −B + C∗RA(z)C. It follows that

N(z) = C∗RA(z)C, |z| > ||T ||.

Because A = PHT |\H is a selfadjoint operator, the function N belongs to the class

NN and admits a holomorphic continuation on the domain C \ [α, β]. where the

numbers α and β are defined by (5.5).

(4): Let MTR,N be the N-Weyl function of the operator TR. Since TR is

selfadjoint, by Definition 3.1 and Definition 5.1 it belongs to the class N0
N and has

a holomorphic continuation on the domain C \ [a, b]. where the numbers a and b

are given by (5.7). From the resolvent formula (4.7) we obtain

PNRT (z)|\ N = (PNRTR
(z)− iPNRTR

(z)BI(IN + iMTR,N(z)BI)
−1PNRTR

(z))|\ N,

where |z| > ||T ||. It follows

MT,N(z) = MTR,N(z)− iMTR,N(z)BI(IN + iMTR,N(z)BI)
−1MTR,N(z)

= (IN + iMTR,N(z)BI)
−1MTR,N(z).

Hence, (IN − iMT,N(z)BI)
−1MT,N(z) = MTR,N(z), |z| > ||T ||.

(5): Notice that from (4) it follows that

M−1
T,N(z) = M−1

TR,N
(z) + iBI , |z| > ||T ||.

Furthermore, for ξ 6= z̄ we have

MT,N(z)−M∗
T,N(ξ) + 2iMT,N(z)BIM

∗
T,N(ξ)

z − ξ̄

= MT,N(z)
M∗−1
T,N (ξ)−M−1

T,N(z) + 2iBI

z − ξ̄ M∗
T,N(ξ)

= −MT,N(z)
M−1
TR,N

(z)−M−1
TR,N

(ξ̄)

z − ξ̄ M∗
T,N(ξ)

= −MT,N(z)
M−1
T,N(z)−M−1

T,N(ξ̄)

z − ξ̄ M∗
T,N(ξ)

=
MT,N(z)−MT,N(ξ̄)

z − ξ̄ M−1
T,N(ξ̄)M∗

T,N(ξ).
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Hence, (4.3) yields

n∑

i,j=1

(G(λj , λi)fi, fj)N =
∥∥∥

n∑

j=1

(T ∗ − λ̄jIH)−1fj

∥∥∥
2

≥ 0

for every choice of points {λi}ni=1, |λi| > ||T ||, i = 1, . . . , n, and vectors {fi}ni=1 ⊂
N, where G(z, ξ) is defined by (5.8).

Remark 5.9. If the operator T is selfadjoint, then MT,N belongs to the class N0
N

and the kernel G(z, ξ) takes the well known form

G(z, ξ) =





MT,N(z)−M∗
T,N(ξ)

z − ξ̄ , ξ 6= z̄,

d (MT,N(z))

dz
, ξ = z̄.

If dimN < ∞, then Theorem 3.2 implies that the N-Weyl function of an

N-quasi-selfadjoint operator T is holomorphic on C \ R except, perhaps, a set of

poles in the closed disc {z ∈ C : |z| ≤ ||T ||} whose accumulation points are located

on the real axis (see [20, Theorem 9.1]).

The preceding Theorem 5.8 suggests the introduction of the following class of

operator-valued holomorphic functions.

Definition 5.10. Let N be a Hilbert space. We will say that an L(N)-valued

function M belongs to the class M0
N if the following conditions are satisfied:

(1) M is holomorphic in some neighborhood of infinity,

(2) M has the asymptotic expansion

M(z) = −INz−1 −Bz−2 + o(z−2), z →∞,

where B ∈ L(N),

(3) the function

M0(z) := (IN − iM(z)BI)
−1M(z),

which is defined for all z in some neighborhood of infinity, has a holomorphic

continuation to a function of the class N0
N.

Notice that if the operator B of condition (2) is selfadjoint, then M ∈ N0
N.

Therefore, the class N0
N is contained in the class M0

N. By Theorem 5.8, the N-

Weyl function of an N-quasi-selfadjoint operator belongs toM0
N. The next theorem

deals with a converse statement.
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Theorem 5.11. If M belongs to the class M0
N, then there exist a Hilbert space H

containing N as a subspace and an N-simple and N-quasi-selfadjoint operator T in

H such that

MT,N = M.

Proof. Define the function M0 according to (3) of Definition 5.10. Since M0 has

a holomorphic continuation to a function of the class N0
N, by Theorem 5.3 there

exist a Hilbert space H containing N as a subspace and an N-simple selfadjoint

operator T0 in H such that M0 is its N-Weyl function. It is easy to see that M0

has an asymptotic expansion

M0(z) = −INz−1 −BRz−2 + o(z−2), z →∞,

which yields BR = PNT0|\ N. Set T = T0 + iBIPN. Then T is quasi-selfadjoint,

TR = T0, and N ⊇ ranTI . By Proposition 4.6, T is also N-simple. The resolvent

formula (4.7) gives

PNRT (z)|\ N = PN

(
RT0(z)− iRT0(z)TI(IN + iPNRT0(z)TI |\ N)−1PNRT0(z)

)
|\ N,

hence, for z in a neighborhood of infinity,

MT,N(z) = MT0,N(z)− iMT0,N(z)BI(IN + iMT0,N(z)BI)
−1MT0,N(z)

= (IN + iM0(z)BI)
−1M0(z)

since TI = BIPN. Taking into account condition (3) of Definition 5.10, we obtain

the equality MT,N = M .

Notice that by Theorem 4.8 the N-simple and N-quasi-selfadjoint operator T

of Theorem 5.11 is unique up to N-unitary equivalence.

Proposition 5.12. ([11]) Suppose M ∈M0
N and let B = − lim

z→∞
z2(M(z)+INz

−1).

Then the following conditions are equivalent:

(i) the Hilbert space H of Theorem 5.11 coincides with N;

(ii) the function z →M−1(z) + zI −B is identically zero;

(iii)

− lim
z→∞

z3(M(z) + INz
−1 +Bz−2) = B2.
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Proof. By Theorem 5.11 the function M is the N-Weyl function of some N-simple

and N-quasi-selfadjoint operator T in a Hilbert space H.

(i)⇐⇒ (ii): H = N ⇐⇒ M(z) = RT (z) ⇐⇒ M−1(z) + zIN = T = B.

(i)⇒(iii): If H = N, then

M(z) = −INz−1 − Tz−2 − T 2z−3 + o(z−3), z →∞.

Hence,
B = T = − lim

z→∞
z2

(
M(z) + INz

−1
)
,

T 2 = − lim
z→∞

z3
(
M(z) + INz

−1 + Tz−2
)

= B2.

(iii)⇒(i): If B2 = − limz→∞ z3
(
M(z) + INz

−1 +Bz−2
)
, then

B = PNT |\ N and B2 = PNT
2|\ N.

Because T is of the matrix form (4.4), we get C = PNT |\H = 0. Hence, N reduces

T . Since T is N-simple, we get H = N.

Let M ∈M0
N and let X ∈ L(N). Since limz→∞M(z) = 0 with respect to the

operator norm topology, there exists a neighborhood of infinity, where the function

Λ = ΦX(M) given by the fractional linear transformation

(5.9) Λ(z) = M(z)(IN +XM(z))−1 = (IN +M(z)X)−1M(z)

is defined and holomorphic. Moreover, limz→∞ zΛ(z) = −IN and

(5.10) Λ−1(z) = M−1(z) +X

in a neighborhood of infinity. The inverse transform is equal to

M = Φ−X(Λ).

Notice that from Definition 5.10 it follows that for any M ∈ M0
N there exist a

function N ∈N0
N and an operator X ∈ L(N) such that M = ΦX(N).

Proposition 5.13. (1) For any X ∈ L(N) the transformation ΦX maps M0
N onto

M0
N. In addition, the set

{ΦX , X ∈ L(N)}
forms a group of fractional linear transformations ofM0

N isomorphic to the additive

group of L(N).

(2) The transformation ΦX maps N0
N into N0

N if and only if the operator X

is selfadjoint.
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Proof. From (5.9) we have the identity

Λ(z)− Λ∗(z) =(IN +N(z)X)−1(N(z)−N∗(z) +N(z)(X −X∗)N∗(z))×
× (IN +X∗N∗(z))−1,

which holds for z in some neighborhood of infinity. Thus, if X = X∗ and N ∈N0
N,

then, clearly, Λ ∈N0
N. Conversely, ifN, Λ ∈N0

N, then the equalitiesN∗(z) = N(z)

and Λ∗(z) = Λ(z) and the invertibility of N(z) for all real z in a neighborhood of

infinity yield X = X∗.
In order to prove statement (1) we note that if X, Y ∈ L(N), then

ΦY (ΦX(M)) = M(IN +XM)−1(IN + YM(IN +XM)−1)−1

= M(IN + (X + Y )M)−1 = ΦX+Y (M).

Let M ∈M0
N, and let limz→∞ z2(M(z) + INz

−1) = −B. Then for Λ = ΦX(M),

we get

(5.11) lim
z→∞

z2
(
Λ(z) + INz

−1
)

= −B −X.

It follows that

Φ−iBI−iXI
(Λ) = Φ−iXI+X−iBI

(M) = ΦXR
(Φ−iBI

(M)).

By Definition 5.10, the function Φ−iBI
(M) belongs to the class N0

N. From state-

ment (2) we obtain that Φ−iBI−iXI
(Λ) also belongs to the class N0

N. Therefore,

Λ = ΦX(M) belongs to the class M0
N.

Remark 5.14. The Weyl functions of quasi-selfadjoint contractions and of quasi-

selfadjoint operators with rank one imaginary part have been investigated in [11]

and [13], respectively.

6. The Schur transformation of the class M0
N

Theorem 6.1. Let N be a Hilbert space and M ∈M0
N. Define the operators

(6.1) B = − lim
z→∞

z2
(
M(z) + INz

−1
)

and

(6.2) D0 = − lim
z→∞

z3(M(z) + Iz−1 +Bz−2)−B2.
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Then D0 ≥ 0 and the following statements hold true:

(1) the function

(6.3) z 7→ N(z) = B − zIN −M−1(z),

initially defined in a neighborhood of infinity, has a continuation to a function from

the class NN and satisfies

(6.4) − lim
z→∞

zN(z) = D0;

(2) for N1 = ranD0, there exists a unique function M1 of the class N0
N1

such

that

(6.5) D
1/2
0 M1D

1/2
0 = N ;

(3) the following conditions are equivalent:

(a) the function N is identically zero,

(b) N1 = {0},
(c) D0 = 0,

(d) − limz→∞ z3
(
M(z) + INz

−1 +Bz−2
)

= B2.

Proof. By Theorem 5.11 the function M can be realized as the N-Weyl function

M(z) = PNRT (z)|\ N, |z| > ||T ||,

of an N-quasi-selfadjoint and N-simple operator T in some Hilbert space H con-

taining N as a subspace. According to Proposition 5.12, the case H = N occurs if

and only if one of the equivalent conditions (a), (b), (c), (d) is satisfied

Suppose H 6= N. Represent T in the block-matrix form (4.4) with respect to

the decomposition H = N⊕H. Since A = PHT |\H, we have σ(A) ⊆ [−||T ||, ||T ||].
From Theorem 3.2 and formulas (3.8), (3.7), (4.5), and (4.6) it follows that

D0 = C∗C ≥ 0,

and

M−1(z) = B − zIN − C∗RA(z)C, |z| > ||T ||.
Hence, for z ∈ ρ(A) one has

N(z) = C∗RA(z)C,

which implies that N belongs to the class NN. To obtain statement (2) we apply

Theorems 5.6 and 5.5.
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Bounded quasi-selfadjoint operators and block operator Jacobi matrices 609

Remark 6.2. Since C∗C = D0, there exists a unitary operator V0 from N1 onto

M := ranC ⊆ H such that C = V0D
1/2
0 . Therefore,

C∗RA(z)C = D
1/2
0 V ∗

0 PMRA(z)V0D
1/2
0 = V ∗

0 MA,M(z)V0, z ∈ ρ(A).

It follows that M1 = V ∗
0 MA,MV0.

Set

H1 = H⊖M, H1 = N1 ⊕H1,

and consider a unitary operator

V0 :=

(
V0 0

0 IH1

)
:

N1

⊕
H1

→
M

⊕
H1

.

Define a selfadjoint operator T (1) in H1 by the equality

T (1) = V∗
0AV0.

Clearly, T (1) is unitarily equivalent to A and MT (1),N1
= V ∗

0 MA,MV0. Thus,

M1 = MT (1),N1
,

i.e., the function M1 is equal to the N1-Weyl function of T (1) and its domain

of analycity contains the neighborhood of infinity U||T (1)|| = {z : |z| > ||T (1)||}.
Since ||T (1)|| = ||A|| ≤ ||T ||, both functions M and M1 are holomorphic in the

neighborhood of infinity

U||T || = {z ∈ C : |z| > ||T ||}.
In addition

||B|| ≤ ||T ||, ||C|| = ||D1/2
0 || ≤ ||T ||.

Definition 6.3. The function M1 appearing in equality (6.5) is called the Schur

transformation of the function M .

If D0 is positive definite, then N1 = N and

M1(z) = D
−1/2
0 (B − zIN −M−1(z))D

−1/2
0 ∈N0

N.

If M is a scalar function (i.e., dimN = 1), then the Schur transformation takes on

the classical form [1], [29], [5]

M1(z) =
1

a2
0

(
b− z − 1

M(z)

)
,

where

a2
0 = d0 = − lim

z→∞
z
(
b− z − 1

M(z)

)
= − lim

z→∞
z3

(
M(z) +

1

z
+

b

z2

)
− b2 6= 0.
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610 Y. ARLINSKĬI and L. KLOTZ

Remark 6.4. Let M ∈ M0
N, X ∈ L(N), and let Λ = ΦX(M) be the fractional

linear transformation of M according to (5.9). From (5.10), (5.11), and (6.4) it

follows that the Schur transformations of M and Λ coincide in a neighborhood of

infinity.

Proposition 6.5. Let M ∈ N0
N. If M is an odd function in some neighborhood of

infinity, then B = 0 and the Schur transformation of M is an odd function as well.

Proof. If M is odd, (6.1) yields B = 0. Therefore, N is odd by (6.3) and, hence,

M1 is odd by (6.5).

Let M0 ∈ M0
N. Define the operators B0 and D0 by (6.1) and (6.4), respec-

tively. Put N1 = ranD0. Note that

M0(z) = −IN0z
−1 −B0z

−2 − (B2
0 +D0)z

−3 + o(z−3), z →∞.
Define the L(N1)-valued Schur transformation M1 of the function M0 by the rela-

tion

D
1/2
0 M1(z)D

1/2
0 = B0 − zIN0 −M−1

0 (z).

According to Theorem 6.1 the function M1 belongs to the class N0
N1

. Now we

apply the preceding construction to the function M1 instead of M0 and continue

this procedure. If NN+1 = {0}(⇐⇒ DN = 0), then the process terminates at the

N -th step. Otherwise the process is infinite. This way we get

(1) a finite or infinite chain of nontrivial subspaces

N = N0 ⊇ N1 ⊇ N2 ⊇ · · · ,
(2) bounded selfadjoint operators Bk ∈ L(Nk),

(3) bounded selfadjoint nonnegative operators Dk ∈ L(Nk), such that Nk+1 =

ranDk,

(4) functions Mk ∈N0
Nk

, which are defined in a common neighborhood of infinity

U , have the asymptotic behavior

Mk(z) = −INk
z−1 −Bkz−2 − (B2

k +Dk)z
−3 + o(z−3), z →∞,

and Mk+1 is the Schur transformation of Mk, i.e.,

M−1
k (z) = Bk − zINk

−D1/2
k Mk+1(z)D

1/2
k , z ∈ U,

for all k.

Moreover, from Remark 6.2 it follows

sup
k≥0
{||Bk||+ ||Dk||} <∞.
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Bounded quasi-selfadjoint operators and block operator Jacobi matrices 611

Definition 6.6. Let M0 ∈M0
N. The sequences of subspaces

N = N0 ⊇ N1 ⊇ N2 ⊇ · · · ,

and of operators {Bk}k≥0 and {Dk}k≥0, described above, are said to be the se-

quences of Schur parameters of M0.

Notice that the operators Bk are selfadjoint for k ≥ 1, the operators Dk are

nonnegative for all k ≥ 0. All operators Bk, k ≥ 0, are selfadjoint if and only if

M0 belongs to the class N0
N.

Theorem 6.7. Let M0 and M̃0 be from the class M0
N. If the Schur parameters of

M0 and M̃0 coincide, then M0 = M̃0.

Proof. Let

N = N0 ⊇ N1 ⊇ N2 ⊇ · · · , {Bk ∈ L(Nk)}Nk=0, {Dk ∈ L(Nk)}Nk=0, N ≤ ∞,

be the Schur parameters of M0 and M̃0. The corresponding functions Mk, M̃k ∈
N0

Nk
satisfy the relations

(6.6)
M−1
k (z) = Bk − zINk

−D1/2
k Mk+1(z)D

1/2
k ,

M̃−1
k (z) = Bk − zINk

−D1/2
k M̃k+1(z)D

1/2
k , k ≥ 0,

for all z from a common neighborhood of infinity, and have the asymptotic expan-

sions

(6.7)
Mk(z) = −INk

z−1 −Bkz−2 − (B2
k +Dk)z

−3 + o(z−3),

M̃k(z) = −INk
z−1 −Bkz−2 − (B2

k +Dk)z
−3 + o(z−3), z →∞.

Our goal is to prove that M0 = M̃0. If N < ∞, then M−1
N (z) = M̃−1

N (z) =

BN − zINN
. Hence, relations (6.6) imply the equality M0 = M̃0.

Let N = ∞. Let us mention that if H is a Hilbert space and V is an L(H)-

valued function, holomorphic in a neighborhood of infinity and having the Taylor

expansion

V (z) = −INz−1 − F2z
−2 − F3z

−3 − · · · − Fnz−n − · · · ,

then V −1(z) ∈ L(H) and the function V −1 has the Taylor expansion

V −1(z) = −zIN + C0 + C1z
−1 + C2z

−2 + C3z
−3 + · · ·+ Cmz

−m + · · ·
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612 Y. ARLINSKĬI and L. KLOTZ

in some neighborhood of infinity. The Taylor coefficients of V and V −1 are con-

nected by the following relations:

(6.8)





F2 = C0,

F3 = C0F2 + C1 = C2
0 + C1,

F4 = C0F3 + C1F2 + C2,

F5 = C0F4 + C1F3 + C2F2 + C3,

· · · · · · · · · · · · · · · · · ·
Fn+1 = C0Fn + C1Fn−1 + · · ·+ Cn−2F2 + Cn−1,

· · · · · · · · · · · · · · · · · ·
Let

Mk(z) = −INk
z−1 −

∑

j≥2

F
(k)
j z−j , M̃k(z) = −INk

z−1 −
∑

j≥2

F̃
(k)
j z−j ,

M−1
k (z) = −zINk

+
∑

j≥0

C
(k)
j z−j , M̃−1

k (z) = −zINk
+

∑

j≥0

C̃
(k)
j z−j , k ∈ N0.

Then
F

(k)
2 = F̃

(k)
2 = Bk, F

(k)
3 = F̃

(k)
3 = B2

k +Dk,

C
(k)
0 = C̃

(k)
0 = Bk

for all k ∈ N0.

Clearly, M0(z)−M̃0(z) = o(z−3), z →∞. Fix k ≥ 1. Then (6.6) gives C
(k)
1 =

C̃
(k)
1 = Dk, C

(k)
2 = C̃

(k)
2 = D

1/2
k Bk+1D

1/2
k , C

(k)
3 = C̃

(k)
3 = D

1/2
k (B2

k+1+Dk+1)D
1/2
k .

From (6.8) it follows that

F
(k)
4 = F̃

(k)
4 , F

(k)
5 = F̃

(k)
5 .

Then we get C
(k−1)
1 = C̃

(k−1)
1 , C

(k−1)
2 = C̃

(k−1)
2 , C

(k−1)
3 = C̃

(k−1)
3 , C

(k−1)
4 =

C̃
(k−1)
4 , C

(k−1)
5 = C̃

(k−1)
5 , and relations (6.8) yield

F
(k−1)
4 = F̃

(k−1)
4 , . . . , F

(k−1)
7 = F̃

(k−1)
7 .

Arguing similarly we get the equalities

F
(0)
4 = F̃

(0)
4 , . . . , F

(0)
2k+3 = F̃

(0)
2k+3.

Hence,

(6.9) M0(z)− M̃0(z) = o(z−2k−3), z →∞.

Since k is an arbitrary natural number, we conclude that M0 = M̃0.

Acta Sci. Math. (Szeged),76:3−4(2010)
All rights reserved c© Bolyai Institute, University of Szeged

All rights reserved © Bolyai Institute, University of Szeged



Bounded quasi-selfadjoint operators and block operator Jacobi matrices 613

Remark 6.8. In the proof of Theorem 6.7 it is shown that if the Schur parameters

of functions M0 and M̃0 from the class M0
N are such that Bl = B̃l and Dl = D̃l for

l = 0, 1, . . . k + 1, then (6.9) holds true. Similarly, if Bl = B̃l for l = 0, 1, . . . , k + 1

and Dl = D̃l for l = 0, 1, . . . k, then

(6.10) M0(z)− M̃0(z) = o(z−2k−2), z →∞.

Using (6.8) in the form





C0 = F2,

C1 = F3 − C0F2,

C2 = F4 − C0F3 − C1F2,

· · · · · · · · · · · · · · · · · ·
Cn−1 = Fn+1 − C0Fn − C1Fn−1 − · · · − Cn−2F2,

· · · · · · · · · · · · · · · · · ·
one can prove the converse statements:

(1) if (6.9) is satisfied, then Bl = B̃l and Dl = D̃l for l = 0, 1, . . . k + 1;

(2) if (6.10) is satisfied, then Bl = B̃l for l = 0, 1, . . . , k + 1 and Dl = D̃l for

l = 0, 1, . . . k.

7. Block operator Jacobi matrices

Let {Hk}Nk=0 be a sequence of separable Hilbert spaces, N ≤ ∞. Let {Bk ∈
L(Hk)}Nk=0 and B1, B2, . . . be selfadjoint operators. Let {Ak ∈ L(Hk+1, Hk)}Nk=0

be a sequence of operators. Assume that

(7.1) sup{||Bk||+ ||Ak||, k ∈ N0} <∞ if N =∞.

Suppose also that

(7.2) A∗
kAk > 0(⇐⇒ kerAk = {0}) for all k.

Define a Hilbert space

H =

N∑

k=0

⊕Hk, N ≤ ∞,

with inner product

(f, g)H =

N∑

k=0

(fk, gk)Hk
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614 Y. ARLINSKĬI and L. KLOTZ

for f = (f0, f1, . . .)
T , g = (g0, g1, . . .)

T , fk, gk ∈ Hk, k ≥ 0. Define in H an operator

J given by the finite (if N <∞) or infinite (if N =∞) three-diagonal matrix

(7.3) J =




B0 A0 0 0 0 . . .

A∗
0 B1 A1 0 0 . . .

0 A∗
1 B2 A2 0 . . .

...
...

...
...

...
. . .


 .

We shall call a matrix of the form (7.3) a block operator Jacobi matrix.

Proposition 7.1. The operator J is bounded, H0-quasi-selfadjoint, and H0-simple

in the Hilbert space H. Moreover, let M0 be the H0-Weyl function of J and let Mk

be the Hk-Weyl function of the block Jacobi operator Jk acting in the Hilbert space

Hk =
∑N
j=k ⊕Hj and given by the operator matrix obtained from J by crossing out

the first k rows and the first k columns. Then the relations

(7.4)
Mk(z) = −INk

z−1 −Bkz−2 − (B2
k +AkA

∗
k)z

−3 + o(z−3), z →∞,
Bk − zIHk

−M−1
k (z) = AkMk+1(z)A

∗
k, |z| > ||J ||,

hold for all k.

Proof. Obviously, condition (7.1) yields the boundedness of J .

Let f = (f0, 0, 0, . . .)
T and let

g(n) = (g
(n)
0 , g

(n)
1 , . . .)T := Jnf, n ∈ N0.

Then

(7.5) g(n)
n = A∗

n−1A
∗
n−2 · · ·A∗

0f0, g
(n)
n+1 = g

(n)
n+2 = . . . = 0,

and condition (7.2) implies that the linear manifold span {JnH0, n ∈ N0} is dense

in H. Hence, J is an H0-simple operator. Because the operators B1, B2, . . . are

selfadjoint, the operator J is H0-quasi-selfadjoint.

It is sufficient to prove (7.4) for k = 0. To do this write the operator J in the

matrix form

J =

(
B0 Ã0

Ã∗
0 J1

)
:

H0

⊕
H1

→
H0

⊕
H1

,

where

Ã0 = (A0 0 0 . . . ) : H1 → H0, Ã
∗
0 =




A∗
0

0

0
...


 : H0 → H1.
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Bounded quasi-selfadjoint operators and block operator Jacobi matrices 615

This yields

M0(z) = −INk
z−1 −B0z

−2 − (B2
0 +A0A

∗
0)z

−3 + o(z−3), z →∞,

and by Theorem 3.2 we have

B0 − zIH0 −M−1
0 (z) = Ã0(J1 − zIH1)

−1Ã∗
0 =

= A0PH1

{
(J1 − zIH1)

−1|\ H1

}
A∗

0 = A0M1(z)A
∗
0, |z| > ||J ||.

Let T ∈ L(H) be N-simple. For each n ∈ N0, define a subspace

(7.6) Ln = span {T kN, k = 0, 1, . . . , n}.

Clearly,

N = L0 ⊆ L1 ⊆ · · · ⊆ Ln−1 ⊆ Ln ⊆ · · ·

and

(7.7) TLn ⊆ Ln+1, n ∈ N0.

Let

(7.8) Ωn = Ln ⊖ Ln−1, n ∈ N.

Since T is N-simple, we obtain

(7.9) H = N⊕
∑

n≥1

⊕Ωn.

Notice that H = N⊕∑N
n≥1⊕Ωn, where N <∞, if and only if LN = H.

Proposition 7.2. Let T ∈ L(H) be an N-simple and N-quasi-selfadjoint operator.

Then T has a block operator Jacobi representation (7.3) with respect to the decom-

position (7.9).
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616 Y. ARLINSKĬI and L. KLOTZ

Proof. From (7.7) and (7.8) it follows that TΩn ⊥ Ωk for all k ≥ n + 2. Because

T is N-quasi-selfadjoint, we get Ωn ⊂ KerTI for all n ∈ N. Hence, TΩn ⊥ Ωk,

k = 0, 1, . . . , n − 2, for n ≥ 2. It follows that T admits a block operator Jacobi

representation (7.3) with respect to the decomposition (7.9).

Let N0 be a separable Hilbert space. Suppose that a finite or infinite chain

of its nontrivial subspaces

N0 ⊇ N1 ⊇ N2 ⊇ · · ·

is given. Define a Hilbert space

H = N0 ⊕N1 ⊕ · · · .

Denote by jk the embedding operator from Nk+1 into Nk, k ≥ 0. Let {Bk ∈
L(Nk)} and suppose that B1, B2, . . . are selfadjoint. Let {Ak ∈ L(Nk+1,Nk)} be

a sequence of operators such that

• each operator jkA
∗
k ∈ L(Nk) is nonnegative selfadjoint in Nk,

• kerA∗
k = Nk ⊖Nk+1 for all k.

Then we have A∗
kAk > 0 for all k ≥ 0. Suppose that condition (7.1) is satisfied.

The corresponding block operator matrix of the form (7.3) we shall call a

special block operator Jacobi matrix.

Example 7.3. Let dim N = m < ∞ and let Nk = N for all k. The block Jacobi

operator

J =




0 1
2IN 0 0 0 . . .

1
2IN 0 1

2IN 0 0 . . .

0 1
2IN 0 1

2IN 0 . . .
...

...
...

...
...

. . .




is called the discrete Schrödinger operator [10].

Proposition 7.4. Every block operator Jacobi matrix is unitarily equivalent to a

special block Jacobi operator matrix.

Proof. Let J be of the form (7.3). Let us find the Schur parameters of the H0-

Weyl function MJ,H0 of J in accordance with the construction of Section 6 and

relations (7.4). Put

B̃0 = B0, D̃0 = A0A
∗
0, N1 = ran D̃0 = ranA0.
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Bounded quasi-selfadjoint operators and block operator Jacobi matrices 617

By the polar decomposition we have A∗
0 = V1D̃

1/2
0 , where V1 is a unitary operator

from N1 onto H1. Then define

B̃1 = V ∗
1 B1V1, D̃1 = V ∗

1 A1A
∗
1V1, N2 = ran D̃1.

Clearly, N2 ⊆ N1 and there exists a unitary operator V2 acting from N2 onto H2

such that V2D̃
1/2
1 = A∗

1V1. Continue this process. Then we get a chain of Hilbert

spaces

N0 = H0 ⊇ N1 ⊇ · · · ,
a sequence of unitary operators Vk ∈ L(Nk, Hk), k ≥ 1, V0 := IN0 , and sequences

of operators

{B̃k = V ∗
k BkVk ∈ L(Nk)}k≥0, {D̃k = V ∗

k V
∗
k−1 · · ·V ∗

1 V
∗
0 AkA

∗
kV0V1 · · ·Vk−1Vk}k≥0.

These data are the Schur parameters of MJ,H0 . Now define the operators Ãk =

D̃
1/2
k |\ Nk+1 ∈ L(Nk+1,Nk). Let J̃0 be the special block operator Jacobi matrix

constructed by means of {B̃k} and {Ãk}. Then one can check that V−1JV = J̃0,

where the unitary operator V from H̃ =
∑
k≥0⊕Nk onto H =

∑
k≥0⊕Hk is given

by the orthogonal sum of the operators Vk, i.e.,

V = IN0 ⊕
∑

k≥1

⊕Vk.

Clearly, any function M from the class M0
N corresponds to some special block

operator Jacobi matrix

(7.10) J0 =




B0 D
1/2
0 0 0 0 . . .

D
1/2
0 B1 D

1/2
1 0 0 . . .

0 D
1/2
1 B2 D

1/2
2 0 . . .

...
...

...
...

...
. . .


 :

N0

⊕
N1

⊕
N2

⊕
...

→

N0

⊕
N1

⊕
N2

⊕
...

,

constructed by means of the Schur parameters of M . Observe that (see (7.5), (7.6),

(7.8))

PNnJ
n
0 f = D

1/2
n−1D

1/2
n−2 · · ·D

1/2
1 D

1/2
0 f, f ∈ N0,

L0
n = span {Jk0 N0, k = 0, 1, . . . , n} =

n∑

k=0

⊕Nk,

Ω0
n = L0

n ⊖ L0
n−1 = Nn.
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Theorem 7.5. Let T be an N0-quasi-selfadjoint and N0-simple operator in a sep-

arable Hilbert space H. Then T is N0-unitarily equivalent to an operator given by

a special block Jacobi operator matrix (7.10), constructed by means of the Schur

parameters of the N-Weyl function MT,N of T .

Proof. By Proposition 7.2, the operator T has a block Jacobi matrix representation

with respect to the decomposition (7.9). Hence, according to Proposition 7.4 the

operator T is N-unitarily equivalent to the special block operator Jacobi matrix

contructed by means of the Schur parameters of MT,N.

Corollary 7.6. If a bounded selfadjoint operator has a spectrum of multiplicity m <

∞ (see [2]), then it is unitarily equivalent to a special selfadjoint block operator

Jacobi matrix.

Corollary 7.7. Each quasi-selfadjoint and completely non-selfadjoint operator T in

a separable Hilbert space is ranTI-unitarily equivalent to a special block operator

Jacobi matrix.

8. Livšic–Brodskĭı characteristic operator-functions

and Weyl functions

In this section we establish a connection between the class M0
N and the class

ΩJ of characteristic functions of the Livšic–Brodskĭı operator colligations.

Definition 8.1. ([20, §1]; see also [21], [37]) Let H be a Hilbert space and let

T ∈ L(H). The aggregate

(8.1) Θ =

(
T K J
H E

)

is called the Livšic–Brodskĭı operator colligation with the main operator T if E is

a Hilbert space, J is a unitary and selfadjoint operator in E, i.e., J = J ∗ and

J 2 = IE, K ∈ L(E,H), and the identity

(8.2) TI = KJK∗.

holds.
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The spaces H and E are called respectively interior and exterior spaces of the

colligation Θ, and the operators T , K, J are called main, channel, and directing

operators, respectively. Relation (8.2) yields the inclusion

ranTI ⊆ ranK.

It is known (see [20, Theorem 1.1.]) that if T is a bounded linear operator acting

in a separable Hilbert space H, and N is any subspace containing ranTI , then

there exists a colligation Θ of the form (8.1) such that T is its main operator and

ranK = N.

Let Θ be a colligation of the form (8.1) and let

HΘ = span {TnKE, n ∈ N0}, H
(0)
Θ = H⊖ HΘ.

Then the subspaces HΘ and H(0) reduce T and T |\ H
(0)
Θ is a selfadjoint operator in

H
(0)
Θ [20]. The colligation Θ is called simple if HΘ = H. Clearly, if T is completely

non-selfadjoint, then the colligation is simple.

Given a colligation

Θ =

(
T K J
H E

)
,

the holomorphic L(E)-valued function WΘ, defined by

(8.3) WΘ(z) = I − 2iK∗(T − zI)−1KJ , z ∈ ρ(T ),

is called the characteristic function of the operator colligation Θ (see [20, §3]). It

has the following properties:

(8.4)
WΘ(z)JW ∗

Θ(µ)− J = 2i(µ̄− z)K∗(T − zIH)−1(T ∗ − µ̄IH)−1K,

W ∗
Θ(µ)JWΘ(z)− J = 2i(µ̄− z)JK∗(T ∗ − µ̄IH)−1(T − zIH)−1KJ ,

z, µ ∈ ρ(T ),

i(WΘ(z) + IH)−1(WΘ(z)− IH)J = K∗(TR − zIH)−1K, z ∈ ρ(T ) ∩ ρ(TR).

Two colligations

Θ1 =

(
T1 K1 J
H1 E

)
and Θ2 =

(
T2 K2 J
H2 E

)

are called unitarily equivalent if there exists a unitary operator U ∈ L(H1,H2) such

that

UT1 = T2U, UK1 = K2.
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Theorem 8.2. ([20, §3]) (1) If Θ1 and Θ2 are unitarily equivalent, then their char-

acteristic functions are equal.

(2) If the characteristic functions WΘ1 and WΘ2 of simple colligations Θ1

and Θ2 coincide in some neighborhood of infinity, then Θ1 and Θ2 are unitarily

equivalent.

Suppose that a linear operator J , acting in a separable Hilbert space E,

satisfies the conditions J = J ∗ and J 2 = IE.

Definition 8.3. [20, page 43]. An L(E)-valued function W is said to belong to the

class ΩJ if it has the following properties:

(1) W is holomorphic in some neighborhood GW of infinity;

(2) limz→∞ ‖W (z)− IE‖E = 0;

(3) for all z ∈ GW the operator W (z) + IE has a bounded inverse, while the

function

(8.5) V (z) = i(W (z) + IE)−1(W (z)− IE)J = i(W (z)− IE)(W (z) + IE)−1J ,

where z ∈ GW , has a holomorphic continuation to an L(E)-valued Herglotz–

Nevanlinna function from the class NE.

Theorem 8.4. ([20, Theorem 5.1., Corollary 2, Corollary 3]) Let an L(E)-valued

function W be from the class ΩJ . Then there exists a simple colligation Θ with

directing operator J such that its characteristic function WΘ is equal to W in some

neighborhood of infinity. The function W has an asymptotic expansion

(8.6) W (z) = IE + 2iHJ z−1 + o(z−1), z →∞,

where H = H∗ ∈ L(E) and H ≥ 0. If H = 0, then W ≡ IE.

If W1 and W2 belong to ΩJ , then W1W2 ∈ ΩJ .

Observe that from (8.3) it follows that

WΘ(z) = IE − 2iK∗MT,ranK(z)KJ , z ∈ ρ(T ),

where MT,ranK(z) is the ranK-Weyl function of the operator T . We shall prove

the following statement.
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Theorem 8.5. Let E be a Hilbert space and let J ∈ L(E), J = J ∗ = J−1. Assume

that an L(E)-valued function W belongs to the class ΩJ and let

(8.7) H =
1

2i
lim
z→∞

z(W (z)− IE)J .

Define N0 = ranH. Then there exists a function M ∈M0
N0

such that for any z in

a neighborhood of infinity one has

W (z) = IE − 2iH1/2M(z)H1/2J .

Moreover, there exists a simple operator colligation Θ whose exterior space E and

directing operator are equal to E and J , resp., whose main operator J0 is N0-

simple, N0-quasi-selfadjoint and given by a special block operator Jacobi matrix,

and whose characteristic function is equal to W .

Proof. Let V be defined by (8.5). Then

V (z)(W (z) + IE) = i(W (z)− IE)J

for z in some neighborhood of infinity. By Definition 8.3, the function V belongs

to the class NE. Taking into account (8.6) we get

V (∞) = 0, lim
z→∞

zV (z) = −H.

By Theorem 5.6, the function V can be written in the form

V = H1/2NH1/2,

where N ∈N0
N0
. By Theorems 5.3 and 7.5, the function N is the N0-Weyl function

of an N0-simple selfadjoint operator T0 in a Hilbert space H given by a special block

operator Jacobi matrix constructed by means of the Schur parameters of N . Define

the operator J0 in H by the equality

J0 := T0 + iH1/2JH1/2PN0 ,

where PN0 is the orthogonal projection in H onto N0. Clearly, the operator J0 is

N0-quasi-selfadjoint and takes the form of a special Jacobi matrix. Furthermore,

define K ∈ L(E,H) by the equality

K := H1/2.
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Then K∗ = H1/2PN0 ∈ L(H,E) and (J0)I = KJK∗. Define the operator colliga-

tion

Θ =

(
J0 K J
H E

)
.

According to Proposition 4.6, the operator J0 is N0-simple. Hence, the colligation

Θ is simple. Its characteristic function WΘ is given by

WΘ(z) = IE − 2iH1/2PN0RJ0(z)H
1/2J , z ∈ ρ(J0).

Let M be the N0-Weyl function of J0. Then M belongs to the class M0
N0

and we

have

WΘ(z) = IE − 2iH1/2M(z)H1/2J .

The last property from (8.4) gives

VΘ(z) = K∗RT0(z)K = H1/2PN0RT0(z)H
1/2 = H1/2N(z)H1/2 = V (z)

for z in a neighborhood of infinity. On the other hand, from (8.5) it follows

W (z) = (IE + iV (z)J )−1(IE − iV (z)J ) = (IE + iVΘ(z)J )−1(IE − iVΘ(z)J )

= WΘ(z).

This completes the proof.

9. Quasi-selfadjoint discrete time-invariant systems

Let M,N, and H be separable Hilbert spaces and let

(9.1) T =

(
B0 F

C A

)
:

M

⊕
H
→

N

⊕
H

be a bounded linear operator. The system of equations

(9.2)

{
hk+1 = Ahk + Cξk,

σk = Fhk +B0ξk,
k ≥ 0,

describes the evolution of a linear discrete time-invariant system τ = {T,M,N,H}.
The Hilbert spaces M and N are called the input and the output spaces, respec-

tively, and the Hilbert space H is called the state space. The operators A, C, F ,
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and B0 are called the main operator, the control operator, the observation operator,

and the feedthrough operator of τ , respectively. The subspaces

(9.3) Hc = span {AnCM, n ∈ N0} and Ho = span {A∗nF ∗N, n ∈ N0}

are called the controllable and observable subspaces of τ = {T,M,N,H}, re-

spectively. If Hc = H (Ho = H), then the system τ is said to be controllable

(observable). It is called minimal if it is both controllable and observable. If

H = clos {Hc + Ho}, then the system τ is said to be simple. Two discrete-time

systems τ1 = {T1,M,N,H1} and τ2 = {T2,M,N,H2} are unitarily similar if there

exists a unitary operator U from H1 onto H2 such that

(9.4) A2 = UA1U
∗, C2 = UC1, F2 = F1U

∗, and B2 = B1.

The function

(9.5) Θτ (z) := B0 − FRA(z)C, z ∈ ρ(A)

is called the transfer function of the system τ . Clearly, Θ(∞) = B. D.Z. Arov [14]

has shown that two minimal passive systems τ1 and τ2 with the same transfer

function Θ are only weakly similar, i.e., there is a closed densely defined operator

Z : H1 → H2 such that Z is invertible, Z−1 is densely defined, and

(9.6) ZA1f = A2Zf, F1f = F2Zf, f ∈ domZ, and ZC1 = C2.

Definition 9.1. (Cf. [12]) The system τ = {T ;N,N,H} is said to be quasi-

selfadjoint if the operator T in (9.1) is N-quasi-selfadjoint.

It follows that A is a selfadjoint operator in H and F = C∗. Hence the control-

lable and observable subspaces of a quasi-selfadjoint system coincide. Proposition

4.1 implies that a quasi-selfadjoint system τ is minimal if and only if the operator

T is N-simple. Let Θ be the transfer function of a quasi-selfadjoint system τ . Since

A is selfadjoint, the function

N(z) = B0 −Θ(z) = C∗RA(z)C, z ∈ ρ(A),

belongs to the class NN and N(∞) = 0. Set

D0 = − lim
z→∞

zN(z) = lim
z→∞

z(Θ(z)−Θ(∞))
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and N1 = ranD0. According to Theorem 5.6, there exists a function N1 ∈ N0
N1

such that N = D
1/2
0 N1D

1/2
0 . Observe that by Theorem 3.2 the function

M(z) = (Θ(z)− zIN)−1, z ∈ ρ(T ) ∩ ρ(A),

is the N-Weyl function of the N-quasi-selfadjoint operator T . It follows that two

minimal quasi-selfadjoint systems, whose transfer functions coincide in a neigh-

borhood of infinity, are unitarily equivalent (see [12]). Notice that such kind of

systems, which are called normal symmetric dynamical systems, have been studied

in [19]. Passive quasi-selfadjoint discrete time-invariant systems (||T || ≤ 1) have

been investigated in [12].

Let

{Nk}k≥1, {Bk}k≥1, {Dk}k≥1

be the Schur parameters of N1. Set H0 =
∑
j≥1⊕Nj , Ak = D

1/2
k |\ Nk+1, k ≥ 1,

and let J0 be a special block Jacobi matrix of the form (7.10) acting in the Hilbert

space H0 = N⊕H0. From Theorem 7.5 we get the following statement.

Theorem 9.2. Let τ = {T ;N,N,H} be a minimal quasi-selfadjoint system.

Then τ is unitarily equivalent to the quasi-selfadjoint system of the form τ0 =

{J0;N,N,H0}.
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